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Abstract
Thin-walled, metallic structures are widely used across many engineering industries and are
a popular choice due to their high load bearing capacity to self weight ratios. Interactive
buckling is a common and potentially dangerous form of instability in these structures. The
current work aims to investigate interactive global–local buckling in an I-section compres-
sion strut with rigidly rotating flange–web joints, using primarily an analytical approach.
The analytical approach uses the Rayleigh–Ritz method, combined with continuous dis-
placement functions to formulate a system of ordinary differential and integral equations,
describing the equilibrium states of the strut. Initially, weak axis global–local buckling in-
teraction is considered where both the flange and the web components of the cross-section
contribute to the local buckling mode, owing to the rigidly rotating flange–web joint. The
solutions are validated using a finite element (FE) model, showing excellent comparisons.
The strut is then considered to be braced in the weak axis, thus susceptible to strong axis
global–local buckling interaction. The strong axis global buckling mode and local buckling
of the flange and web components are first considered separately, revealing a neutrally sta-
ble and stable post-buckling response respectively. The buckling modes are then combined
in an analytical model, enabling them to act simultaneously; it is found that the critical,
global buckling mode has a neutrally stable post-buckling path, which then becomes highly
unstable when the local buckling mode is triggered and mode interaction is observed. The
solution is validated against an FE model and shows excellent comparisons.
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Imperfection sensitivity of the strut is then investigated, revealing that the structure is
sensitive to both global and local initial geometric imperfections. The shape of the local
imperfection to which the strut is most sensitive is also identified and it shows a greater
sensitivity when both global and local imperfections are present simultaneously. The solu-
tions for an example strut with imperfections is compared to an FE model, again showing
excellent comparisons.
Parametric studies are conducted to investigate the effect of varying the geometry of the
strut. Both the strut length and cross-section height are varied in independent studies,
identifying the geometries that give rise to the most interactive, and therefore most un-
desirable, behaviour in the structure. The implications of the identified behaviour on the
design of similar structures is discussed. The post-buckling behaviour of a thin-walled I-
section strut, buckling under either weak or strong axis global–local mode interaction with
rigidly rotating flange–web joints has therefore been established at a fundamental level,
using an analytical approach.
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Chapter 1
Introduction
The use of thin-walled metallic structures and structural components is becoming increas-
ingly popular in the construction industry, with the development of higher-strength steels
and the increasing demand to build taller, lighter and more complex engineering designs. A
thin-walled component is generally a structure comprising either a single sheet of metallic
plate, cold-formed by passing it through rollers to create various cross-sections, or formed
from a series of plates, joined together by methods such as bolting or welding. They can
be manufactured into a variety of different components, such as stiffened plates, columns,
beams, shells, plate girders and box girders. They are, in simple terms, manufactured from
approximately homogeneous and isotropic metallic materials such as aluminium and steels.
Figure 1.1 shows a variety of thin-walled cross-sections that are manufactured from metals
and used extensively in the engineering industry. The term ‘thin-walled’ is defined by the
relative thickness of the plates in comparison with the other dimensions of the structure.
In general, if the thickness of the plate is much smaller than, say, the width, the structure
may be termed thin-walled.
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Figure 1.1: Examples of thin-walled cross-section shapes that are commonly used in the
engineering industry.
1.1 Applications
Utilizing metallic materials in this way became very popular in the 1940s with the rapid ex-
pansion of the aviation industry; thin-walled components can have extremely high strength
to self-weight ratios, ensuring relatively lightweight and efficient designs. Currently, thin-
walled metallic structures are extensively used in aircraft, bridges, maritime applications
and buildings, amongst many sectors. Some practical examples of their use in modern
engineering are shown in Figs. 1.2 and 1.3. Thin-walled metallic structures are still
(a) (b)
Figure 1.2: Photographs showing the use of thin-walled structures in aviation: (a) a NASA
F-16XL Ship in the Supersonic Laminar Flow Control research programme (NASA, 1996)
and (b) an Airbus A380 (Airbus, 2016).
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(a) (b)
Figure 1.3: Photographs showing the use of thin-walled structures in construction. (a)
shows a photograph of inside the bridge deck of the Humber Bridge, UK, showing stiffened
plates inside the deck section (Buchanan, 2012) and (b) lattice beams used in buildings,
produced by the UK based cold-formed steel company Metsec (Metsec, 2016).
currently used heavily in the aeronautical industry. For example, the Boeing 747 was pri-
marily constructed from aluminium, as well as, in smaller parts, some other metals such
as steel and titanium. Although aircraft are moving towards using more composites in
their structure (for example, the Boeing 787 Dreamliner has most of its major structural
elements made from composites), the relatively recent Airbus A380 still comprises 61%
aluminium alloys compared to only 22% composites, and a further 10% titanium and steel
(Total Materia, 2009). The materials are selected for heat and corrosion resistance, as well
as their favourable strength to self-weight ratios. For the same reasons, the use of similar
thin-walled components are popular in the maritime industry. Ships and submarines are
commonly constructed from steel since weight efficiency is of far less critical concern than
in aeronautics, although aluminium is more frequently used in faster vessels.
In structural engineering, thin-walled components are typically formed from steel and can
be found in bridges, buildings and offshore structures, amongst many others. In particular,
structures such as long-span bridges and skyscrapers benefit from the strength to self-weight
ratio. The Humber Bridge near Kingston-upon-Hull in the UK has the longest single span
in the country, of 1.41 km, and at the time of construction it was the world’s longest single
span (from 1981–1997); a photograph of inside the bridge deck is shown in Fig. 1.3(a). The
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deck is built from box girders with plates welded inside to form stiffened panels. High-rise
buildings are generally built using steel frames of tubular sections; the lightness allows the
buildings to be taller than for building frames constructed purely from reinforced concrete.
1.2 Research objectives
Thin-walled components most commonly used in industry tend to be highly slender and
hence prone to local buckling. Moreover, for some overall dimensions, global buckling may
also become a critical design factor; in combination with the local buckling vulnerability,
consideration of interactive buckling naturally becomes very important. The current re-
search aims to capture the behaviour of these thin-walled structural components and the
post-buckling behaviour using an analytical approach. The study focuses on the inter-
action between the global and local buckling phenomena in a thin-walled I-section strut;
sketches of these buckling phenomena are presented in Fig. 1.4. Previous work has been
(a) (b)
Figure 1.4: Sketches of the buckling modes with an example of (a) global buckling and (b)
local buckling.
conducted on similar I-sections using experimental, approximate and finite element (FE)
methods (Hancock, 1981; Becque & Rasmussen, 2009a; Becque & Rasmussen, 2009b),
where interactive buckling phenomena and similarly dangerous failure mechanisms have
been identified. Additionally, analytical methods have previously been applied to simi-
lar structures where the web is assumed to be relatively thick and attached to the flange
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through a pinned connection, therefore not contributing to the local buckling mode (Wadee
& Bai, 2014; Bai & Wadee, 2015a; Bai & Wadee, 2015b). However, in reality, many I-
section struts are welded and are constructed from plates of equal thickness, therefore this
assumption may not always be valid. The objectives of the current work are as follows:
• To incorporate local web buckling into a previous model of an I-section strut experi-
encing weak axis global–local buckling interaction (Wadee & Bai, 2014).
• To analyse the potentially dangerous interactions that can occur in the post-buckling
response of an I-section strut between the strong axis global and local buckling modes.
• To investigate different types of imperfections and the effects these have on the post-
buckling response of the strut, potentially identifying the worst type of imperfection.
• To investigate the effect of changing the strut geometry, how this would change the
post-buckling behaviour and identifying the dangerous imperfection sensitive zones
of behaviour.
1.3 Thesis outline
The thesis presented currently comprises eight further chapters, a brief outline of each is
given here.
1.3.1 Literature review
Chapter 2 presents a literature review on the relevant previous work conducted in the
field of thin-walled structures and buckling behaviour. The more classical methods and
studies in mechanics are covered, including early work conducted by Euler (1744) and
classical plate theory. The literature review goes into further depth on studies investigating
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interactive buckling behaviour from earlier work by van der Neut (1969) to the most recent
(Wadee & Gardner, 2012; Wadee & Farsi, 2014; Bai & Wadee, 2015b), which use similar
analytical methods to those utilized for the studies in the current thesis. The review also
summarizes some of the more relevant work that has been conducted using semi-analytical
and numerical methods, as well as experimental programmes that have been primarily
concerned with interactive buckling.
1.3.2 Global weak axis and local buckling interaction
In Chapter 3, an analytical model is developed using total potential energy principles to
investigate the post-buckling behaviour of an axially loaded I-section strut, experiencing
global–local buckling mode interaction. The strut is assumed to have a critical global
buckling mode about the weak axis, which then interacts with a local buckling mode,
activated in both the more compressed portion of the flanges as well as in the web. The
connecting joints between the flanges and the web are assumed to be rigid, and free to
rotate as a rigid body. A system of nonlinear ordinary differential equations (ODEs) are
derived to describe the post-buckling behaviour of the strut, which are subsequently solved
numerically in the continuation and bifurcation software Auto-07p (2011), with results
being presented and discussed.
1.3.3 Finite element modelling and validation
The analytical model presented in Chapter 3 is validated using a finite element (FE) model
in Chapter 4, constructed and analysed in the commercial FE software package Abaqus
(2014). The initial imperfections necessary to allow the FE model to simulate post-buckling
are kept as small as possible, ensuring a close match with the analytical model presented
in Chapter 3.
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1.3.4 Formulation of the strong axis global buckling model: Dis-
tinct modes
The general form of the analytical model describing strong axis global–local mode interac-
tion in an I-section strut is presented and derived in Chapter 5. In this analysis, all local
components are considered with global and local initial geometric imperfections also being
included. The general form of the analytical model is then used to find the expressions for
the strong axis global and local buckling loads of an I-section strut of any geometry. The
subsequent governing equations are solved numerically in the software Auto-07p and the
results are compared to the solutions obtained using a set of identical struts constructed
and analysed in an FE model using Abaqus. As the formulation procedure and FE mod-
els used throughout the current thesis are similar to those presented in Chapters 3 and 4,
both analytical and FE studies are presented together in subsequent chapters, for ease of
comparison.
1.3.5 Strong axis global and local buckling interaction
The general form of the analytical model presented in Chapter 5 is modified to describe
the post-buckling behaviour of a perfect I-section strut in Chapter 6. It is assumed that
the global mode is critical and the strut experiences strong axis global–local buckling
mode interaction. The governing set of equations and integral conditions are solved for an
example strut, in the software Auto-07p. An identical strut is constructed and analysed
in the FE package Abaqus for validation purposes.
1.3.6 Imperfection sensitivity
In Chapter 7, the equations presented in Chapter 5 are used to extend the perfect case strut
analysed in Chapter 6 to include initial, stress-relieved, geometric imperfections. The types
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of imperfection considered include an initial global out-of-straightness, an initial out-of-
plane deflection in both the more compressed flange and the web, as well as the case where
both of these imperfections exist simultaneously. The effects these imperfections have on
the post-buckling path of the strut is investigated, for different magnitudes and shapes
of imperfection. Examples are also constructed and analysed in Abaqus for validation
purposes.
1.3.7 Parametric studies
Having validated the models for perfect and imperfect strut geometries in Chapters 6 and 7,
in Chapter 8, the geometries are parametrically modified to determine the effect these have
on the post-buckling response. Both the strut length and cross-section height are varied
and the distinct characteristics of different post-buckling paths are identified. This study
highlights the drastically different responses that can occur and sudden changes from sta-
ble to unstable initial post-buckling behaviour is identified. A deflection based criterion is
implemented for purely elastic systems, and a strain based criterion is implemented for sys-
tems that violate the material yield stress. The study is conducted for a perfect case strut,
as well as two additional struts that have initial global out-of-straightness imperfections.
1.3.8 Conclusions
General conclusions of the work covered in the current thesis are presented in Chapter 9,
as well as suggestions for further work that would be of interest to the field and potentially
be beneficial for designers in future.
The contents of the current thesis have already been published in journal papers. Chap-
ters 5, 6 and 7 have contributed to Liu & Wadee (2016), published in the journal Thin-
Walled Structures and Chapters 6 and 7 have also contributed to Liu & Wadee (2015),
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published in Structures. Chapter 8 is currently being modified for publication shortly.
Chapter 2
Literature Review
The use of steel structural components is widespread in the engineering industry and failure
of these components can arise in a variety of different ways. Complex failure mechanisms
have been observed and these can often become extremely difficult to predict, with dan-
gerous consequences. Compared with other common construction materials (for example,
reinforced concrete), geometric effects can have a large impact on the behaviour of thin-
walled steel structural components, due to their relatively low self-weight and vulnerability
to structural instability.
There has been extensive work previously carried out in the field of thin steel plates and
the thin-walled, cold formed steel columns and beams that can be formed from them.
These are arguably amongst the most heavily utilized structural components across the
engineering industry. Predictive methods for determining their post-buckling behaviour is
desirable, such that these components can be utilized efficiently and safely. The numerous
theories and studies that have been developed and conducted in this field are discussed
presently, and range from extremely simplified solutions to complex and realistic methods
of predicting their strength and behaviour.
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2.1 Buckling of members under compression
In many cases, the most simple way a structural component can fail is when it is in tension,
and the yield stress of the material is reached, which can be regarded as a material failure.
However, more complex failure mechanisms can occur when components are in compression.
Members subject to axial compression are referred to as struts and are used extensively
in the engineering industry. One of the earliest analyses into the buckling behaviour of a
strut was conducted by Euler (1744), where the governing equation was derived using the
recently devised calculus of variations to describe the behaviour of a simply supported,
axially loaded strut, as shown in Fig. 2.1. The mechanism depicted is known as buckling,
w(x)
P
L
x
Figure 2.1: A simply supported strut showing a lateral deflection w(x) under axial com-
pression P .
which is a form of geometric instability and can also lead to structural failure. The buckling
is caused by a bifurcation in the solution to the equation of equilibrium. With an increasing
load P , the strut can sustain an equilibrium state of pure compression, shown as the
‘fundamental path’ in Fig. 2.2; when the bifurcation point is reached, the fundamental
equilibrium state loses stability and the system switches to one where the strut is in a
laterally deformed state, shown as the ‘post-buckling path’ in Fig. 2.2. In the simplest
form, the equilibrium equation is:
d4w
dx4
+
P
EI
d2w
dx2
= 0, (2.1)
where w is the out-of-plane deflection of the strut along the x coordinate, EI is the flexural
rigidity of the strut and P is the applied axial load. The equation has the solution of the
CHAPTER 2. LITERATURE REVIEW 44
fundamental path
bifurcation point
post-buckling path
Q
P
PC
P
PP
Figure 2.2: Simplified equilibrium path of a simply supported strut, bifurcating at the
critical load PC; P is the axial load and Q is the amplitude of the buckling deflection.
general form:
w(x) = A0 sinωx+ A1 cosωx+ A2x+ A3, (2.2)
where A0, A1, A2 and A3 are constants that depend on the boundary conditions of the
strut and ω is defined:
ω =
√
P/(EI). (2.3)
For the case of the simply supported strut, the boundary conditions applied are such that
the deflections and bending moments are zero at both ends of the strut; mathematically
expressed these conditions are w(0) = w(L) = w′′(0) = w′′(L) = 0, where primes denote
differentiation with respect to x. Hence, the non-trivial solutions of Equation (2.2) and
the corresponding deflection shapes w, can be written thus:
PCn =
n2π2EI
L2
, wn(x) = Q sin
(nπx
L
)
, (2.4)
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respectively, where n can be any integer greater than or equal to 1 and Q is the amplitude
of the deflection wn. If the strut is assumed to be unrestrained along its span of length
L, the lowest value of PCn is given when n = 1, and is the observed critical buckling load
PC1 ≡ PE, where PE is the ‘Euler load’ thus:
PE =
π2EI
L2
. (2.5)
Here, L and I are the length and the second moment of area of the strut cross-section
respectively and E represents the Young’s modulus of the strut material. This results in a
strut deflection shape of a half-sine wave. This method can be used for struts with different
support conditions, such as a cantilever or a strut with fixed ends by imposing different
boundary conditions onto Equation (2.1).
The concepts developed by Euler have become fundamental to classic structural mechanics
and has since appeared in numerous textbooks (Bleich, 1952; Thompson & Hunt, 1973).
Although Euler did go on to find solutions for struts undergoing large deflections (known
as the elastica), which provides knowledge of the post-buckling behaviour, the described
Euler load itself only provides an analytical solution for the critical load. It does not
provide any information about the post-buckling response of the strut, which is crucial in
understanding how such struts can be implemented in practice.
2.2 Plates in compression
The approach used by Euler investigated the buckling of an axially loaded strut on a global
scale. However, when a compression strut can be decomposed into a series of thin-walled
metallic plates, joined together by either welding or bolting methods, it becomes important
to also consider the buckling response of the individual plates under axial compression.
The simplest problem for a rectangular plate under compression is one that is also simply
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supported on all edges and loaded axially at two of the opposite edges, as shown in Fig. 2.3.
The governing partial differential equation was developed by St. Venant (1883) and is of
the form:
∂4w
∂x4
+ 2
∂4w
∂x2∂y2
+
∂4w
∂y4
= −
σt
D
∂2w
∂x2
, (2.6)
where σ is the compressive stress applied at the plate edges, t is the thickness and D is
the flexural rigidity of the plate. The solution to the governing equation was presented by
Bryan (1890), where the deflected shape of the plate was determined, showing it buckling
into sinusoidal peaks and troughs in both dimensions with double curvature, as shown in
Fig. 2.3. This equation was later solved for a range of boundary conditions by Timoshenko
σ
w(x, y) t
y
x
σ
Figure 2.3: Axially loaded, simply supported plate undergoing elastic buckling with dis-
placement w(x, y). Note that all edges have zero lateral deflection.
(1910) and has since been extended to various other loading conditions, such as forces
acting on the middle surface, or distributed axial loads. A large range of solutions to
various plate scenarios can be found in the classic text by Bulson (1970).
Another class of structure that has been extensively studied is the shell. Very similar
to plates, the distinction between the two is made by defining the plate to have zero
curvature in its unstressed state, whereas a shell would have some curvature (for example,
a cylinder). From the previous studies on plates, it is well known that plates generally
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exhibit strongly stable post-buckling behaviour (Bulson, 1970), which implies that more
load can be carried by the structure after the bifurcation point has been reached so long
as the plate remains elastic. However, shells can have an extremely unstable post-buckling
path even in the elastic range, indicating a significant decrease in load carrying capacity
following the initial bifurcation (Hutchinson & Koiter, 1970; Hunt & Lucena Neto, 1991;
Lord et al., 1997). It is evident that even in the cases where very simple structures or
components are considered, the post-buckling path provides key information that enables
the identification of the true load carrying capacities of such structures, such that they can
be utilized in a safe and efficient way.
2.3 Post-buckling analysis
The use of the energy method to characterize the state of equilibrium in an elastic system
was first introduced by Kirchhoff (1850) and had already been applied by Bryan (1890)
to axially compressed plates, determining their stable post-buckling behaviour. It was
not until later that researchers such as Timoshenko (1910) and Koiter (1945) generalized
the method, and were able to apply it to solve post-buckling problems for a wide range
of structural components. Ritz (1909) simultaneously developed a similar theory that
essentially led to the same procedure as Timoshenko. The method essentially derives a set
of governing differential equations by minimizing a continuous nonlinear potential energy
function V over the domain of the structure. This work was later developed by Thompson
& Hunt (1973) and Sewell (1965; 1970), which allowed the system to be discretized into so-
called generalized coordinates. In the discretized system, n discrete coordinates Qn define
the system geometry. The total potential energy V is a function of Qn and at least one
loading parameter p, thus:
V = V (Q1, Q2, Q3, ...Qn, p). (2.7)
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Once the total potential energy function is obtained, two fundamental axioms are applied
to obtain the governing equilibrium equations and the information about the stability of
each equilibrium state:
• Axiom 1: A stationary value of the total potential energy with respect to the general-
ized coordinates is necessary and sufficient for the equilibrium of the system.
• Axiom 2: A complete relative minimum of the total potential energy with respect to the
generalized coordinates is necessary and sufficient for the stability of an equilibrium
state.
In mathematical terms this is essentially written as:
• ∂V
∂Qi
= 0 for an equilibrium state, where Qi is a generalized coordinate previously
defined.
• The second derivatives of V , ∂
2V
∂QiQj
, are considered, and the Hessian matrix Vij must
be ‘positive-definite’ for stability. A singular matrix indicates a critical equilibrium
state, and higher order terms would need to be derived in this case, to determine the
stability of the system.
The above axioms together with the function V can be used to determine the equilibrium
path of the structure and may be plotted onto a configuration space of (n + 1) dimen-
sions if there is only one load parameter P . At any point on the path the structure is
in equilibrium. Assuming a system with only one displacement component, an example
response of a stable system, characteristic of a flat plate under axial compression and that
of an unstable system, characteristic of an axially loaded cylindrical shell, are shown in
Fig. 2.4, respectively (Hunt, 2006). In reality however, structures are not perfect and
initial material or geometric imperfections can arise from production or manufacturing
processes. From Fig. 2.4, it can be seen that a system with an unstable post-buckling path
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Figure 2.4: A structural system with only one generalized coordinate Q, depicting (a) an
elastic stable system and (b) an elastic unstable system.
is highly sensitive to initial imperfections, and has the potential to exhibit much lower
ultimate loads than those predicted by the case with a perfect geometry. It can therefore
be extremely dangerous to ignore these nonlinear effects when designing real structures.
Additionally, for the stable case, the system is not sensitive to imperfections so long as the
material remains elastic; once plasticity is introduced, the behaviour can become unstable
and collapse would occur.
2.4 Interactive buckling
Previously, it was considered that any structural system could have multiple degrees of
freedom and only the triggering of one is depicted in Fig. 2.4. However, in real structures,
it is quite common for two or more degrees of freedom to be active simultaneously, which
can lead to an interaction of the individual buckling modes, termed mode interaction. The
problem can then very quickly become highly complex and difficult to model; when the
modes couple together, a thoroughly different response may be triggered, when compared
to the predictions obtained from analysis of individual modes (Budiansky, 1976). Systems
that frequently suffer from mode interaction include thin-walled constructions such as plate
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and box girders, stiffened plates and shells as well as sandwich structures.
Early work on solving problems concerning mode interaction began with simple two degree
of freedom systems, supposing that all deflected forms can be described by two generalized
coordinates (Supple, 1967; Chilver, 1967). In the work by Supple, both uncoupled and
coupled systems were investigated by considering the potential energy of a structure with
the two generalized coordinates u1 and u2 with one load parameter p; the total potential
energy being written as:
V = V (ui, p), i = {1, 2}. (2.8)
A perturbation method, implemented by giving the load parameter p an incremental change
of p = po + δp, is used to derive the equilibrium equations of the system. The focus of
the analysis is on systems where eigenvalue branching configurations are, by character,
symmetric. Thus, with the appropriate simplifications, the equilibrium equations can be
expressed (in an approximate truncated form) as:
V11u1 +
1
3!
(V1111u
3
1 + 3V1122u1 + u
2
2) + δpV
′
11u1 = 0,
V22u2 +
1
3!
(V2222u
3
2 + 3V1122u
2
1 + u2) + δpV
′
22u2 = 0, (2.9)
where subscripts 1 and 2 denote partial differentiation with respect to u1 and u2 respectively
and primes denote partial differentiation with respect to p. From this set of governing
equations there can now be three solutions, either: u1 = 0, u2 6= 0; u2 = 0, u1 6= 0;
u1 6= 0, u2 6= 0. The first two systems can be classed as uncoupled and eliminates many
terms from the governing equations. However, when u1 6= 0 and u2 6= 0, the system is
coupled. The governing equation for this solution can be obtained by eliminating δp from
Equation (2.9), thus:
(V ′22V1111 − 3V
′
11V1122)u
2
1 + (3V
′
22V1122 − V
′
11V2222)u
2
2 = −6!V
′
11V
′
22∆p. (2.10)
The coupled response of the system is dictated by the coefficients of u1 and u2, as well as
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∆p, the difference between the two critical values of p for modes u1 and u2. The resulting
equilibrium paths can be plotted, as shown in Fig. 2.5, where the uncoupled solutions are
also shown. The shape of the coupled solution depends on the coefficients of u1 and u2
u1
u2
p
u1
u2
u1
u2
p
u1
u2
(a) (b)
Figure 2.5: Equilibrium paths for different systems. Solid lines show the uncoupled solu-
tions and coupled solutions are shown in dashed lines. The first row shows the solutions
plotted onto a 3 dimensional space and the second row shows their respective 2 dimensional
projections along the p axis. (a) shows a coupled solution that is elliptical when projected
and (b) shows a hyperbolic coupled solution when projected.
in Equation (2.10), as well as the sign of the term ∆p. The coupled equilibrium path
causes mode interaction to be observed in the post-buckling behaviour and may lead to
unstable responses, even when both individual modes are inherently stable. Common
coupled responses include elliptical or hyperbolic equilibrium paths, when projected onto
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the u1u2 plane. However, in reality the paths for two degree of freedom systems exist in
three-dimensional space, as shown in Fig. 2.5.
This work highlights a critical feature in the post-buckling behaviour of elastic systems; it
is possible for unstable post-buckling responses to be observed, even for cases where all the
individual buckling responses are stable. This observation, henceforth termed interactive
buckling, has since been found in the post-buckling response of many elastic structural
systems. The understanding of the phenomenon where one degree of freedom destabilizes
others is obviously of paramount importance, when considering the practical applications
of these types of structural components.
Interactive buckling has been found in a wide range of structures through analytical stud-
ies. Much interest in interactive buckling with applications to plates emerged around the
1940s with the rapid expansion of the aeronautical industry (Lundquist & Stowell, 1942a;
Lundquist & Stowell, 1942b), progressing onto structures such as struts, stiffened plates,
sandwich structures, trusses, prestressed stayed columns, shells, lattice materials and more
complex constructions (Hutchinson & Koiter, 1970; Thompson & Hunt, 1973; Thompson
& Hunt, 1984; Hunt et al., 1986; Hunt & Wadee, 1998; Everall & Hunt, 1999; Wadee et al.,
2013; Zschernack et al., 2016). Examples of interactive buckling in some of these structures
are shown in Fig. 2.6. In addition to the destabilizing effects that interactive buckling can
have, initial imperfections can also contribute significantly to a decreased load capacity.
In particular, structures that display an unstable post-buckling response are particularly
vulnerable, and many analytical studies on imperfection sensitivity have been conducted
on systems prone to interactive buckling (Koiter, 1963; Amazigo et al., 1970; Wadee, 2000;
Saito & Wadee, 2009; Bai & Wadee, 2015b). Again, implementing such systems into real
structures needs to be performed with caution, since the true load carrying capacity may be
decreased further by initial imperfections that can be easily introduced by manufacturing
and other processes in service.
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(a) (b) (c)
Figure 2.6: Examples of structural systems that have displayed an interactive buckling phe-
nomenon showing (a) a cylindrical shell, (b) a stiffened plate and (c) a sandwich structure.
All of the examples depicted show localization as a result of the interaction.
2.5 Analytical studies
A large number of analytical studies have been conducted in the field of interactive buck-
ling, to capture the behaviour of those systems that are susceptible. Some examples of
interactive behaviour have already been introduced in this chapter, but a selection of the
most relevant studies will be summarized in this section. A general overview of the seminal
post-buckling theories is summarized by Hutchinson & Koiter (1970).
Possibly one of the most classic papers on the subject of interactive buckling was written
by van der Neut (1969) specifically focused on a doubly symmetric compression strut. The
section is assumed to have load bearing compression flanges, with a pair of webs that have
no longitudinal stiffness and only serve to provide simple supports to the flanges. The
considered model is shown in Fig. 2.7. Previously, it had been thought that to achieve
efficient designs in components subject to multiple buckling modes, the buckling loads of
the individual modes should be designed to be as close as possible to each other in the
interest of saving material and costs. However, this was disputed in earlier work (Koiter
& Skaloud, 1962), it became known as the ‘naive optimum’ (Koiter & Pignataro, 1976)
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Figure 2.7: The strut considered by van der Neut, with associated geometric notations.
The pair of webs have no longitudinal stiffness and provide simple supports to the flanges
only.
and van der Neut went on to investigate this more thoroughly. The study was subdivided,
considering the perfect column, a column with flange plates that are initially not flat (i.e. a
local imperfection) and a column with a non-straightness in the column axis (i.e. a global
imperfection). Van der Neut found that for columns with a high slenderness, the Euler
load, PE provides, in general, the buckling mechanism and gives the ultimate load, P
C.
For less slender columns, the global buckling load PE exceeds the local buckling load P
C
l .
The buckling load PC becomes PC = η0PE, where η0 is a stiffness reduction factor given
by the ratio of the buckled flange stiffness to the unbuckled flange stiffness1.
However, van der Neut also found that there is an interactive region, where the two modes
are both effectively active. Critically, when the global buckling load is greater than the
local buckling load and the two are sufficiently close, an extremely unstable post-buckling
behaviour is observed, which can cause explosive failure in the structure. Components of
this geometry had previously been used extensively in the aeronautical industry, making
this discovery alarming and requiring further investigation. The graph shown in Fig. 2.8
summarizes these findings; both axes have been normalized with respect to the local buck-
ling load PCl . Slender columns are to the left of the graph, and become increasingly stocky
towards the right. The cases where the flanges have an initial imperfection are also included
1Note that van der Neut’s original notation used KE for the Euler load, Kb for the ultimate load and
Kl for the local buckling load.
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Figure 2.8: Graph showing the column buckling load PC versus the Euler load PE. Both
axes have been normalized with respect to the local buckling load PCl . Regions displaying
unstable behaviour are shown with a dashed line, and stable or neutrally stable regions are
shown in solid lines. Cases where the flanges are not initially flat (imperfect) are shown in
dot-dashed lines.
in the graph, with the local flange imperfection shape being described by the function:
z = α cos
(πy
h
)
sin
(πx
b
)
, (2.11)
where α = a/h determines the normalized amplitude of the shape a with respect to the
flange thickness h; x, y and z are spatial coordinates. From Fig. 2.8, it is evident that the
imperfection decreases the ultimate load capacity of the column PC, and this is particularly
dangerous in the ‘unstable’ region of the graph, where PE and P
C
l are close. The study
found that a 30% reduction is observed with a fairly small imperfection amplitude of
α = 0.2 and highlights another potentially dangerous consequence of designing components
with geometries fitting this category.
The case where there is an out-of-straightness in the column axis was also investigated,
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with results showing a decreasing load capacity for a larger amplitude of initial out-of-
straightness. The study was later extended to include square sections (Graves Smith,
1969), as well as anti-symmetric sections (van der Neut, 1973). Specifically, this applies
to stiffened panels used in the aeronautical industry (van der Neut, 1973); the studies
highlight the importance of designers understanding the nonlinear structural behaviour of
components in the interactive region.
The work by van der Neut (1969) was expanded by Thompson & Lewis (1972), which aimed
to suggest a suitable optimisation for design, based on the findings from nonlinear stability
analysis. The optimization was considered for a single variable of the column breadth, b.
It was concluded that optimum design curves can be described by the expression:
P (x) =
PC
R
= y(x)x−2/3, (2.12)
where x = PE/P
C
l , y = P
C/PCl and R being a constant that is a function of the material
properties Young’s Modulus E and Poisson’s Ratio ν. The optimization for the perfect
column can be represented graphically, as shown in Fig. 2.9(a), with the optimum design
x = PE/P
C
l
Pu
x1/3 x−2/3
ηx1/3
Flange buckling criticalCombinedEuler buckling critical
buckling
A
A
increasing α
Pu
(a) (b)
x = PE/P
C
l
Figure 2.9: Graphs showing (a) the optimized design curve for a perfect column and (b)
for an imperfect column (Thompson & Lewis, 1972), with the ultimate load Pu versus the
Euler load, normalized with respect to the local buckling load.
shown in solid lines, where the local maximum is reached. Taking into account the im-
perfection study detailed in van der Neut’s work (1969), the optimization is modified to
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resemble Fig. 2.9(b), with a more conservative buckling load being taken in the regions
that are ‘sensitive to imperfection’. This work was later developed in Thompson & Supple
(1973), where an in-depth analysis of a two degree of freedom system, developed by Augusti
(1964), is used to derive a more rigorous optimisation scheme for imperfect structures.
The work by Koiter & Piganataro (1974) on stiffened plates approaches the problem using
an energy method, as opposed to the more classic general nonlinear theory. A later report
(Koiter & Pignataro, 1976) explains the procedures in much greater detail. The initial
post-buckling behaviour of a plate is initially reviewed, where the out-of-plane w and in-
plane u displacements are described by the mathematical functions:
w(x, y) = fg(y) sin
(πx
a
)
, (2.13)
u(x, y) = −∆E −
π
8a
f 2g2(y) sin
(
2πx
a
)
, (2.14)
respectively. Here, f represents the amplitude of the out-of-plane displacement, ∆E is the
end shortening of the plate and a is the axial half-wavelength; x and y are the spatial
coordinates in the longitudinal and transverse directions respectively. The function g(y)
describes the transverse wave profile, which can be modified to represent different support
conditions of the plate. The membrane and flexural (or bending) energies, as well as the
work done by the load are then derived and summed to give the total potential energy. The
membrane stresses are calculated by considering stresses σx and σy, as well as the shear
stress τxy, however the latter two are neglected in this formulation to give an approximate,
but lower bound (i.e. safe) solution for the post-buckling stiffness. The total potential
energy is then minimized with respect to the deflection amplitude f and the end shortening
∆E to give a stiffness reduction factor of the plate η0:
η0 =
E∗
E
= 1−
[1
b
∫ b/2
−b/2
g2(y) dy]2
1
b
∫ b/2
−b/2
g4(y) dy
, (2.15)
where the ‘effective tangent modulus’ is E∗ = η0E, E is the material Young’s modulus and
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0 < η0 < 1. The lower bound solution for η0 has a difference of almost 20% with the exact
value in the case where the plate is simply supported. However for clamped plates, the
values become significantly closer, with only a 9% difference. For the case where the plate
has one simply supported edge without in-plane edge tractions and one free edge, the η0
values are identical, indicating the transverse and shear stains are indeed negligible in this
case.
The interactive buckling behaviour of the stiffened panels was then investigated by first
considering the local and global buckling modes individually. The local buckling mode
was established in a very similar manner to the plate discussed previously, and the global
mode is based on an Euler strut. A combined set of energies was then derived to give the
total potential energy, and to find a solution for the interactive buckling behaviour of the
panels. The results found from the formulation was similar to that described by van der
Neut (1969) for the simple model of two load bearing compression flanges, separated by
a non-load bearing web. Both global and local imperfections are also investigated, with
strong agreement with van der Neut (1969), highlighting the sensitivity of the structure in
the region where global and local buckling loads are similar.
The energy method has since been utilized extensively in the field of interactive buckling for
a variety of thin-walled structures, the interaction being, in general, between global Euler
buckling and local buckling, for example, in sandwich panels where two face plates are
separated by a softer core material (Hunt et al., 1988; Hunt & Wadee, 1998; Wadee et al.,
2010; Wadee & Hunt, 1998). The method has also been used extensively in compression
struts (Wadee & Bai, 2014; Bai & Wadee, 2015b; Bai & Wadee, 2015a), beams (Wadee
& Gardner, 2012) and stiffened plates (Wadee & Farsi, 2014; Wadee & Farsi, 2015) where
for the case of beams, the interactive buckling is observed between global lateral torsional
buckling (LTB) and local buckling. The general energy method approach used for these
studies is to describe the global buckling mode first, using at least a two degree of freedom
system; ‘sway’, indicating the lateral displacement and ‘tilt’, for the rotation of the plane
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sections, thus:
W (x) = qsL sin
(πx
L
)
, θ(x) = qtπ cos
(πx
L
)
, (2.16)
where L is the length of the structure and x is the spatial coordinate in the longitudinal
direction. The use of Timoshenko beam theory is utilized where shear strains become
important (Reissner, 1945) and the sway and tilt system is used to enable implementation
of this into an energy method analysis; this was first presented by Allen (1969). For local
buckling, the out-of-plane and in-plane deflections in the transverse directions are solved by
introducing mathematical functions for the in-plane and out-of-plane local displacements.
The total potential energy is then formulated. By using the calculus of variations (Fox,
1987), a system of governing equations is subsequently found by considering the variations
of the local out-of-plane and in-plane displacements, and minimizing the total potential
energy with respect to the sway and tilt degrees of freedom. The system of governing
equations is then solved numerically in the continuation and bifurcation software Auto-
07p (2011). The software is capable of identifying bifurcation and branching points, thus
the equilibrium paths and corresponding deflection shapes can be determined.
For some cases, generally where a plated structure is assumed to be connected together
using pinned joints, a characteristic behaviour known as ‘snaking’ (Burke & Knobloch,
2007) or ‘cellular buckling’ has been observed and identified (Wadee & Gardner, 2012;
Wadee & Bai, 2014; Wadee & Farsi, 2014). This is where destabilizing and restabilizing
is observed in the post-buckling response, sometimes seen as a series of snap-backs in
the equilibrium path. Each snap-back is associated with a spread of the buckling profile,
where the waves progressively spread outwards, from a small localized buckle centred at
midspan to the boundaries. Similar behaviour has been found in other structures such
as cylindrical shells and sandwich structures (Hunt et al., 2000; Hunt et al., 2003), struts
on elastic foundations (Peletier, 2001) and compressed confined layers (Hunt et al., 2000;
Wadee & Edmunds, 2005). An example graph of this type of response is shown in Fig. 2.10,
where the load can be seen to be oscillating around PM , the so-called Maxwell load, as
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explained in the paper by Budd et al. (2001). In earlier work, systems that displayed
P
C
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Deflection
Hamilton-Hopf bifurcation
(1)
(3)
(2)
(1)
(2)
(3)
Local buckling displacement profiles
Figure 2.10: Example of cellular buckling in a structure, where the load oscillates around
PM , the Maxwell load.
cellular buckling in their post-buckling paths were treated as dynamical systems (Woods
& Champneys, 1999), however this behaviour can also be tracked using static equilibrium
and the powerful numerical solution tool Auto-07p, as explained previously. It was later
found that, for systems where joints within the cross-section are semi-rigid or rigid, i.e. they
cease to be pinned, this distinctive cellular buckling pattern that was previously prominent
is very quickly eroded with increasing joint stiffness (Bai & Wadee, 2015b); additionally
a larger midspan displacement is observed before the interactive buckling path is reached
for the case where global buckling is critical; a sketch of which is shown in Fig. 2.11. In
the local buckling profile, it is also found that the more rigidly connected structures show
a reduced displacement amplitude and a much shorter wavelength as would perhaps be
expected given the increased stiffness of the system.
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Increasing joint rigidity c
Pinned joint - Cellular buckling
P
Midspan deflection
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Figure 2.11: Erosion of the cellular buckling pattern with the introduction of a rotational
stiffness between plate components in the structural system, with increased deflections
before an interaction is observed. (a) shows the changing equilibrium path with increased
rotational stiffness, (b) the strut geometry and applied load and (c) the cross-section,
modelled with pinned joints and a spring of rotational stiffness c to model the rigidity of
connection.
2.6 Numerical methods
In addition to the analytical studies that have been conducted on thin-walled structures,
a great number of numerical studies and approximate methods have also been devised.
Possibly the most widely used and popular numerical method for solving these types of
problems is the finite element (FE) method, which usually produces reliable results when
compared to other numerical studies. This has become especially true recently, with the
current levels of computational technology. FE methods can be conducted in a huge number
of ways, with varying degrees of complexity. Earlier FE methods used one dimensional FE
models to solve buckling problems (Powell & Klingner, 1970) and later became much
more complex and widely used (Rasmussen & Rondal, 1993; Gardner & Nethercot, 2004;
Becque & Rasmussen, 2009a). FE analysis allows the user the flexibility to decide upon
the complexity of the model and how sophisticated it needs to be in comparison with the
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physical specimen. In elastic models (Wadee & Farsi, 2014; Bai & Wadee, 2015b), the
structural material can be assumed to be homogeneous and isotropic, with the elements
being solely comprised of regularly shaped polygons. However the models can be much
more complex; for example in the case of Gardner & Nethercot (2004), a much more
intricate model is developed to include geometric and material imperfections, corner details,
residual stresses and the material properties are modelled based on a modification of the
Mirambell & Real (2000) proposal for stainless steel.
In general, the use of the commercial FE package Abaqus (2014) has been a popular
choice in recent years for such models and has been used extensively in buckling and post-
buckling analysis (Gardner & Nethercot, 2004; Ellobody & Young, 2005; Ashraf et al.,
2006; Becque & Rasmussen, 2009b). It has been popular to model thin metallic structures
using the S4R element type from the Abaqus library, which is a 4-noded shell element
with reduced integration. However, other elements such as the S9R5 (Ashraf et al., 2006)
(a 9-noded shell element with reduced integration) have also been successfully utilized to
model such systems. A commonly used technique to model interactive buckling within
Abaqus is to find the separate buckling modes using a linear eigenvalue analysis. The
appropriate eigenmodes are then input as initial geometric imperfections into a nonlinear
Riks analysis (Riks, 1979) to find the post-buckling response.
In principle, any possible structural phenomena can be modelled using an appropriate FE
approximation, but the results can be extremely computationally inefficient and also are
prone to be sensitive to the suitability of the chosen modelling technique (Davies, 2000); for
example, selecting the appropriate boundary conditions or mesh geometries. Additionally,
the software is usually unable to process structures joined using pinned connections, and
in cases where many buckling modes are of similar loads, the solutions may follow unreal-
istic deflection configurations if left unchecked (Lord et al., 1999; Wadee et al., 2010). For
this reason, there have been a great number of analyses conducted using FE methods but
caution is exercised when implementing results into design, and verification with exper-
CHAPTER 2. LITERATURE REVIEW 63
imental data or analytical methods is conducted (Przemienecki, 1973; Rasmussen et al.,
2003; Wadee & Farsi, 2014). The details of the FE method used in the current work is
discussed in Chapter 4.
Another popular choice for analysing thin-walled structures is the finite strip method,
developed since the 1960s (Cheung, 1976) and was one of the first methods able to analyse
local, global and distortional buckling modes. It has been widely used by many researchers
in the field (Goldberg et al., 1964; Plank & Wittrick, 1974; Hancock, 1978; Hancock, 1981),
and was used to consider distortional buckling in I-beams by Hancock (1978), and I-section
columns later (Hancock, 1981). FE methods, which divide the structure into discrete mesh
grids, differ from finite strip methods, which only divide the structure into discrete strips
across the width of the plate, as shown in Fig. 2.12. The displacement function in the
(a) (b)
Figure 2.12: Diagrams showing the discretization used in (a) FE methods and (b) finite
strip methods.
longitudinal direction is commonly assumed to be a polynomial, and the method can be
written in matrix form thus:
[K]{δ} − λ[G]{δ} = {0}, (2.17)
where [K] and [G] are stiffness and stability matrices, respectively, λ is a load factor and
{δ} is a vector of nodal displacements. The eigenvectors and eigenvalues can be extracted
using numerical methods, based on this matrix system (Hancock, 1978). With this method,
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second order finite strip methods are able to yield critical buckling solutions using half
sine wave displacement functions with relatively little computational power, which has a
distinct advantage over finite element analysis (Davies, 2000). The method yields reliable
design criteria and has been distilled into a number of computer software packages and
design guides used in industry (Hancock, 1997; Cheung & Tam, 1998). However, although
the method has been previously termed ‘semi-analytical’ because the longitudinal exact
solution is imposed, the transverse solution is still found through nodal discretization and
numerical methods; additionally, the finite strip method is only suitable for prismatic
structures, owing to the method of discretization, shown in Fig. 2.12(b).
Since the importance of understanding mode interaction has been highlighted, and espe-
cially with the previous lack of understanding in distortional buckling modes highlighted
by Hancock (1978), more recently additional methods have been developed to simplify
the analysis of susceptible structural systems, including Generalized Beam Theory (GBT)
and the Direct Strength Method (DSM). GBT is a development that allows displacements
to be exhibited as linear combinations of deformation modes, this method was proposed
by Schardt (1994). The method was initially developed for use on open, prismatic cross-
sections (Leach & Davies, 1996; Silvestre & Camotim, 2003), it was later extended to
account for plasticity (Gonc¸alves & Camotim, 2004; Gonc¸alves & Camotim, 2007; Abam-
bres et al., 2013), although some limited work on first-order GBT analysis in closed sections
can also be found (Schardt, 1989). The method is capable of computing the contributions
from each deformation mode relative to the overall displacement field; the cross-section and
member lengths are analysed separately, with each possible mode of deformation analysed
in turn. The method is largely numerical and based on discretization of modes rather than
nodes and is hence computationally very efficient. Moreover, its validity for large deforma-
tions and post-buckling analysis makes it a very useful tool for validating analytical and FE
results. GBT has been extensively used to determine interactions between global, local and
distortional buckling modes in thin-walled structures, for a variety of open cross-sections
(Gonc¸alves & Camotim, 2004; Basaglia et al., 2013; Martins et al., 2015).
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The Direct Strength Method (DSM) was also developed to tackle problems involving local,
global and distortional buckling (Schafer & Peko¨z, 1999; Schafer, 2002) and has now been
implemented as a design method in the American steel design codes appendices (AISI,
2004), in contrast to the European standards (EN-1993-1-3:2006E, 2006), which are based
solely on classic effective width concepts (von Ka´rma´n et al., 1932). DSM relies on the
ability to determine all the elastic instabilities and buckling loads that could occur in a
structure (namely, local, distortional and global), and uses them in combination to deter-
mine the strength of the structure directly (Schafer, 2000). The individual inputs of the
buckling loads are largely obtained from the finite strip method, discussed earlier (Schafer,
2002) and it was shown that distortional buckling modes have a weaker post-buckling
strength than local buckling modes, with a commensurate heightened sensitivity to geo-
metric imperfections.
2.7 Experimental studies
A large number of experimental studies have been conducted on thin-walled structures
prone to buckling, since around the 1960s, mostly concerning individual buckling modes
(Johnson & Winter, 1966; Rasmussen & Hancock, 1997; Rasmussen & Rondal, 1993). A
variety of cross-sections have been investigated, such as tubes, I-sections, hat sections,
channel sections and so on. More recently, interest in sections with more complex failure
mechanisms have increased, in particular interactive buckling between global, local and
distortional modes, which can be problematic to model (Cherry, 1960; Menken et al., 1991;
Menken et al., 1994; Gardner & Nethercot, 2004a; Gardner et al., 2006; Kwon et al., 2009;
Becque & Rasmussen, 2009a; Yap & Hancock, 2011; Wadee & Gardner, 2012; Zhao et al.,
2015).
In the study by Becque & Rasmussen (2009a), a stainless steel I-section strut was in-
vestigated, comprising of two channel sections welded back-to-back. The investigations
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uncovered important interactive buckling features between the global, or Euler, buckling
modes and local buckling modes. The experimental programme comprised 24 specimens,
using sheets 1.2mm in thickness, ranging from lengths 500mm to 3000mm in 500mm
increments. It was found that for the tested specimens, a local buckling mode was ini-
tially observed in all columns, and for the longer specimens, a larger amplitude in the
local buckling pattern was observed on one side, where the strut began to show global–
local buckling interaction. For deformations beyond the ultimate load, the flanges on the
less compressed side of the strut began to straighten out, while on the more compressed
side they continued to develop. The amplitude of the local deflection was largest at the
strut midspan on the more compressed side, as a result of increasing compressive stresses
at this point. Two struts of identical material and geometric properties were tested for
each data point, to ensure consistency and were termed ‘twin tests’ in the paper. The
twin tests all exhibited very similar results with the exception of a few: these specimens
all lay within the region identified by van der Neut (1969) as being particularly sensitive
to imperfections. The tests were compared to a series of numerical studies conducted in
Abaqus (Becque & Rasmussen, 2009b). The FE model used a four-noded shell element to
model the strut, using surface-to-surface contact to simulate the welded channel sections.
A linear eigenvalue analysis was conducted to identify the buckling modes, which were
then input into a nonlinear Riks analysis to find the post-buckling response. Reasonably
good comparisons were observed, with some weaker comparisons noted in the region that
is sensitive to imperfections.
Experimental studies that have successfully captured interactive buckling also include work
on I-beams under bending by Wadee & Gardner (2012). The I-beam was modelled using
an analytical formulation, with results being compared to an experimental programme. In
all tests, the beams demonstrated unstable post-buckling behaviour once interactive buck-
ling was triggered (in this case, an interaction between the global mode lateral-torsional
buckling, and local buckling in one half of one flange). In two of the tests, evidence of
cellular buckling is also captured, a phenomenon that has, so far, not been detected con-
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sistently by numerical methods and has only been modelled successfully using analytical
formulations. It was observed that, even under controlled displacement, the destabiliza-
tion process occurs extremely quickly, highlighting the practical dangers of utilizing such
structures in design. The reduction in load carrying capacity with mode interaction also
introduces imperfection sensitivity, and further emphasises the need to obtain a better
understanding of nonlinear interactive structural behaviour.
2.8 Concluding remarks
The current chapter has covered some of the most important literature that is relevant to
the subjects concerning this thesis. The earliest, basic theories of buckling and compression
were summarized, going on to classic plate theory. Early concepts of post-buckling analysis
were addressed, with the two axioms relating potential energy to equilibrium and structural
stability being introduced. The focus of this chapter has been on the more recent studies
into mode interaction, first studied analytically by researchers such as Supple (1967) and
Chilver (1967), with the importance of geometric imperfections first being highlighted by
van der Neut (1969). Analytical methods were then discussed, demonstrating that modern
methodologies have been able to solve relatively complex interactive buckling problems for
a variety of practical structures. Recent works by Hunt & Wadee (1998), Bai & Wadee
(2015a) and Wadee & Farsi (2014) provide the fundamental methodology with which the
research in this thesis is conducted. An overview of the current numerical methods are
also summarized, with the focus on the finite element method, along with the finite strip
method, Generalized Beam Theory and the Direct Strength Method. Finally, some of the
experimental studies that have been conducted on thin-walled structures have also been
presented and summarized, with a specific focus on experiments that have successfully
captured global–local interactive behaviours and cellular buckling (Becque & Rasmussen,
2009a; Wadee & Gardner, 2012). In the following chapters, the post-buckling behaviour of
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an I-section strut will be analysed using some of the analytical principles and FE methods
that have previously been developed and described in this literature review.
Chapter 3
Global weak axis and local buckling
interaction
An analytical model of a linear elastic strut under pure axial compression is presented in this
chapter. The cross-section of the strut is of uniform thickness throughout and is modelled
using a linear elastic, homogeneous and isotropic material. The strut is susceptible to global
(Euler) buckling about the weak axis, and the slender individual components are susceptible
to elastic local buckling. Particularly when the critical loads of both individual modes are
similar, mode interaction is triggered and causes significantly less stable behaviour than if
either modes were to be activated independently.
Recent work on the analytical approach concerning interactive buckling in I-section struts
focused on the case where the flange is thinner and more slender than the web. Therefore,
it was assumed that the web was rigid and did not deform locally during post-buckling
(Bai & Wadee, 2015b). However, numerical and experimental studies have shown that
when the components are of similar thickness, both the flange and the web are susceptible
to local buckling (Becque & Rasmussen, 2009a; Becque & Rasmussen, 2009b). Therefore,
the strut in the current model is considered to have a uniform cross-sectional thickness;
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the local buckling of the web can no longer be considered negligible and is incorporated
into the model.
The current chapter focuses on the case where the strut is long, and thus global buckling
is critical, occurring first, followed closely by interaction with local buckling modes in
both the flange and the web. The strut is assumed to be geometrically perfect, with
no initial imperfections and the flange–web connection is assumed to be rigid, but free
to rotate as a rigid body throughout the post-buckling response. A variational model
of the I-section strut is formulated to obtain a system of nonlinear ordinary differential
equations (ODEs) subject to integral constraints and boundary conditions. The equations
are solved numerically in the continuation and bifurcation software Auto-07p (2011) and
the perfect elastic post-buckling response of the strut is determined. It is observed that
an initial eigenmode is destabilized and the load capacity decreases quickly following a
secondary bifurcation point, where local buckling of the most vulnerable component, the
flange, is triggered. The resulting post-buckling path is smooth, but decreasing in load
capacity. During the post-buckling response of the strut, the flange is displaced with local
buckling also being triggered in the web, which displaces in sympathy with the flange. The
local out-of-plane displacement profile of both the flange and the web show a modulated
sinusoidal shape, which increases in amplitude and spreads towards the boundaries of the
strut as the post-buckling path progresses. There is also a decreasing wavelength observed
in the out-of-plane displacement profile. Similar behaviour has been observed previously
in analytical studies on I-sections with stiffened flange–web joints (Bai & Wadee, 2015b)
as well as in studies presenting physical experiments (Becque & Rasmussen, 2009a; Wadee
& Gardner, 2012).
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3.1 Analytical model
3.1.1 The I-section strut
The elevation and cross-section of the simply supported thin-walled I-section strut consid-
ered is shown in Fig. 3.1. The strut is assumed to be constructed from a linear elastic,
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Figure 3.1: An I-section strut under axial loading P , elevation (left) and cross-section
(right) shown. The notation and coordinate system used throughout are shown.
homogeneous and isotropic material. It is subject to a concentric axial load P , distributed
evenly within the strut through rigid end-plates. It is assumed that there are no geometric
or material imperfections and the flange–web connection is modelled as rigid and free to
rotate as a rigid body.
3.1.2 Buckling modes
The formulation begins with defining modes to describe the deflected shape of the I-section
strut when buckling globally about the weak axis of bending, which, given the coordinates,
is the y-axis. For the current study and throughout this thesis, Timoshenko beam theory is
used as opposed to Euler–Bernoulli beam theory to allow the effects of shear strains in the
formulation, as shown in Fig. 3.2. This has been shown previously to be a key element in
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Figure 3.2: (a) Euler–Bernoulli beam theory (b) and Timoshenko beam theory. In the
former case, normality of the plane sections is assumed, but this assumption is released in
the latter. However, in both cases plane sections are assumed to remain plane.
capturing interactive behaviour in similar structures (Hunt & Wadee, 1998; Wadee et al.,
2010).
Therefore, to account for the contribution of shear in the formulation, two global degrees of
freedom are introduced, so-called ‘sway’ and ‘tilt’, represented by the lateral displacement
W and the corresponding rotation θ:
W (z) = qsL sin
(πz
L
)
, θ(z) = qtπ cos
(πz
L
)
, (3.1)
where qs and qt are the respective associated generalized coordinates and qs 6= qt since
Timoshenko beam theory is implemented. The coordinate z is in the longitudinal direc-
tion along the length of the strut. Both global buckling modes contribute to the shear
deformation of the strut, with the sway component representing shear deformations due to
bending and the tilt component due to warping. The global buckling modes are shown in
Fig. 3.3, where the strut is shown in plan view. In this way, the shear strain can be given
by the expression:
γxz,o =
dW
dz
− θ = (qs − qt)π cos
(πz
L
)
. (3.2)
The I-section strut is assumed to buckle in the global mode about the weak axis first,
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Figure 3.3: Global buckling modes, with (a) the sway component W (z) and (b) the tilt
component shown θ(z) shown about the global weak axis. The strut is shown in plan view.
which then subjects a portion of both flanges, as well as the web, to compression, causing
these components to become susceptible to local buckling. An in-plane displacement ufl
and an out-of-plane displacement wfl are used to describe the local buckling deflections in
the more compressed portion of each flange. An out-of-plane displacement function wwl
is also used to describe the local displacements in the web. Note that the in-plane local
deflection of the web is neglected and is therefore not included in this formulation since it
lies on the neutral axis throughout post-buckling, hence it has a much smaller contribution
compared to that of the flange. Since the global buckling mode causes a portion of both
flanges to be in less compression, the portion of the flanges in the x = [0, b/2] region is
assumed have zero local displacement during post-buckling. The local buckling modes are
shown in Fig. 3.4, and are defined as follows:
ufl(x, z) = −
2x
b
u(z), wfl(x, z) = f(x)wf (z), wwl(y, z) = g(y)ww(z). (3.3)
The in-plane local deflection of the flange is assumed to be linear, such that the assumption
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Figure 3.4: Local buckling modes. (a) Local in-plane mode ufl(x, z) of the flange, (b) local
out-of-plane mode wfl(x, z) of the flange and (c) local out-of-plane mode wwl(y, z) of the
web.
of plane sections remaining plane in Timoshenko beam theory is fulfilled. The functions
f(x) and g(y) are deflection shapes of the flange in the x-axis and of the web in the y-axis
respectively. The functions are selected such that they satisfy the boundary conditions
of each separate element, as well as giving a good representation of the deflected shape
of each component. For the flange, the function f(x) is defined as a combination of a
polynomial and sinusoidal function, a type of form which has been shown previously to
predict the deflected shape of a compressed flange outstand with a partially restrained
flange–web connection accurately (Lundquist & Stowell, 1942a). The general form of the
deflected shape f(x) can therefore be written as:
f(x) = −C0
(
2x
b
)
+ C1
(
2x
b
)2
+ C2
(
2x
b
)3
+ C3 sin
(πx
b
)
, (3.4)
where C0, C1, C2 and C3 are constant coefficients defined by the boundary conditions:
i) f(0) = 0, ii) f(−b/2) = 1,
iii)Dff
′′(−b/2) = 0, iv)Dff
′′′(−b/2) = 0. (3.5)
The flexural rigidities of the flange and the web are defined as Df = Et
3
f/[12(1 − ν
2)]
CHAPTER 3. GLOBAL WEAK AXIS AND LOCAL BUCKLING INTERACTION 75
and Dw = Et
3
w/[12(1 − ν
2)] respectively, where E and ν are the Young’s Modulus and
Poisson’s ratio of the material respectively. Primes denote differentiation with respect
to the coordinate x. Substituting the expression and appropriate derivatives into the
boundary conditions, the following expression is determined for the function f(x):
f(x) = −
4x
b
+
(
2x
b
)2
+
(
2x
b
)3
+ sin
(πx
b
)
. (3.6)
The function for the web g(y) is defined as:
g(y) = sin
(πy
h
)
, (3.7)
which satisfies the boundary conditions of zero deflection at y = 0 and y = −h, as well as
a maximum deflection of unity occurring at the centre of the web where y = −h/2.
Note that the local transverse deflection of the x-direction, v, is assumed to be small and
is thus neglected, a finding from the work by Koiter & Pignataro (1976) for a rectangular
plate with similar boundary conditions where it was determined that the post-buckling
behaviour of a plate with such conditions is only marginally affected by consideration of
the transverse in-plane deflection.
3.1.3 Model optimization
The rotation angles of the flanges and the web in the out-of-plane direction can be cal-
culated to leading order by differentiating the out-of-plane shape functions for the flange
f(x) and the web g(y), and evaluating them at the joints. It can therefore be said that:
θ1 =
d
dx
f(x)
∣∣∣
x=0
wf (z), θ2 =
d
dy
g(y)
∣∣∣
y=0
ww(z), (3.8)
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where θ1 is the rotation of the more compressed flange portion and θ2 is the rotation of
the web at the joint, as shown in Fig. 3.5. The joint is assumed to be free to rotate as a
θ1
θ1
θ2
θ2
y
z
ww
wf
wf
Figure 3.5: Equating rotations at the flange–web joint to obtain the relationship between
the out-of-plane flange deflection wf and web deflection ww, where ww(z) = κwf (z) and κ
is a calibration factor.
rigid body, thus it can be said that the rotations of the flange and web are equal at the
point, ensuring deflection and rotation continuity. However, note that the deflections are
assumed to be small and the portion of the flange in less compression is assumed to remain
straight, with no out-of-plane deflections, therefore the respective rotations are neglected
by this approximation. By equating the rotation angles, the out-of-plane web displacement
ww(z) can therefore be expressed in terms of the out-of-plane flange displacement wf (z)
thus:
ww(z) =
[
h(1− 4/π)
b
]
wf (z) = κwf (z). (3.9)
This expression can be substituted into the total potential energy formulation and reduces
the number of necessary computations, with the flange and web out-of-plane displacements
being solved as a single function w, where w = wf = ww/κ.
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3.2 Formulation of the total potential energy
The total potential energy V comprises a number of components, each formulated and
presented currently. Considered are the strain energies from bending due to both global
and local buckling in the strut, axial strains in the plane of the plates, so-called membrane
energy, with contributions from both the flanges and the web as well as the work done by
the external load, P . Firstly, the bending energy due to global buckling of the strut about
the weak axis is defined by the expression:
UB =
1
2
EIw
∫ L
0
W¨ 2 dz,
=
1
2
EIw
∫ L
0
q2s
π4
L2
sin2
(πz
2
)
dz, (3.10)
where Iw = ht
3
w/12 is the second moment of area of the web only, about the neutral y-axis
and W¨ is the curvature of the strut, while undergoing deflection W . Dots denote differen-
tiation with respect to the axial coordinate z. Note that the bending energy of the flanges
due to global buckling are not included here since they are effectively considered later in
the formulation of the membrane energies. The bending energy due to local buckling of
the more compressed portion of one flange Ubf and of the web Ubw are determined by the
following expressions:
Ubf =
Df
2
∫ L
0
∫ 0
−b/2
{(
∂2wfl
∂x2
+
∂2wfl
∂z2
)2
− 2(1− ν)
[
∂2wfl
∂x2
∂2wfl
∂z2
−
(
∂2wfl
∂x∂z
)2]}
dx dz,
(3.11)
Ubw =
Dw
2
∫ L
0
∫ 0
−h
{(
∂2wwl
∂y2
+
∂2wwl
∂z2
)2
− 2(1− ν)
[
∂2wwl
∂y2
∂2wwl
∂z2
−
(
∂2wwl
∂y∂z
)2]}
dy dz,
(3.12)
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respectively. The parameters Df and Dw are the flexural rigidities of the flange and the
web, as defined earlier. The expressions indicate that the plates buckle locally with double
curvature in the x and z directions for the flange, and the y and z directions for the web.
By substituting in the expressions for wfl and wwl, the following expressions are obtained:
Ubf =
Df
2
∫ L
0
[
{f ′′2}xw
2
f + {f
2}xw¨
2
f + 2ν{f
′′f}xw¨fwf + 2(1− ν){f
′2}xw˙
2
f
]
dz, (3.13)
Ubw =
Dw
2
∫ L
0
[
{g′′2}yw
2
w + {g
2}yw¨
2
w + 2ν{g
′′g}yw¨www + 2(1− ν){g
′2}yw˙
2
w
]
dz. (3.14)
Primes denote differentiation with respect to x for the function f(x), as defined in Equa-
tion (3.6), or with respect to y, as defined in Equation (3.7) for the function g(y). The
braces with subscript x denote that a definite integration has been performed on the func-
tion within the braces with respect to x between the limits x = [0,−b/2]. Similarly for
braces with subscript y, the functions are integrated with respect to y between the limits
y = [0,−h]. For example:
{f ′′f}x =
∫ 0
−b/2
{[
d2
dx2
f(x)
]
f(x)
}
dx, (3.15)
{g′′g}y =
∫ 0
−h
{[
d2
dy2
g(y)
]
g(y)
}
dy. (3.16)
The integrations are performed in the commercial computer algebra softwareMaple (Mon-
agan et al., 2005) and are presented in their explicit form in Appendix A.
The membrane strain energies are derived from both the longitudinal direct and shear
strains in the flange, for both the more compressed and less compressed portions, as well
as in the web. The direct strains in the less compressed ǫz2 and more compressed ǫz1 sides
of one flange respectively are:
ǫz2 =
∂ut
∂z
−∆, (3.17)
ǫz1 =
∂ut
∂z
−∆+
∂ufl
∂z
+
1
2
(
∂wfl
∂z
)2
, (3.18)
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where ut = −θx, the in-plane displacement due to the tilt component of the global buckling
mode. The quantity ∆ is the displacement from pure compression, and the remaining two
terms are present only in the expression for the more compressed sides of the flange; these
are derived from von Ka´rma´n plate theory (Timoshenko & Woinowsky-Krieger, 1959) to
account for local buckling in this portion. The membrane energy for direct strain in one
flange is given by the expression:
Umǫf =
Etf
2
∫ L
0
∫ 0
−b/2
ǫ2z1 dxdz +
Etf
2
∫ L
0
∫ b/2
0
ǫ2z2 dxdz
=
Etfb
2
∫ L
0
[
b2π4
12L2
q2t sin
2
(πz
L
)
+
u˙2
6
+
{f 4}x
4b
w˙4f − qt
bπ2
6L
sin
(πz
L
)
u˙−
∆
2
u˙
+qt
π2{xf 2}x
bL
sin
(πz
L
)
w˙2f −
{f 2}x∆
b
w˙2f −
2{xf 2}x
b2
u˙w˙2f +∆
2
]
dz. (3.19)
Similarly the direct strain in the web is given by the expression:
ǫzw = −∆+
∂uwl
∂z
+
1
2
(
∂wwl
∂z
)2
. (3.20)
Note that the in-plane displacement due to the tilt component is neglected since the web
is thin and lies on the weak axis of bending, where θ = 0. The in-plane local displacement
in the web uwl is also neglected as explained earlier, and can be said to equal zero. The
membrane energy contribution due to direct strain in the web can be written as:
Umǫw =
Etw
2
∫ L
0
∫ 0
−h
ǫ2zw dydz
=
Etw
2
∫ L
0
[
{g}4y
4
w˙4w + h∆
2 − {g2}y∆w˙
2
w
]
dz. (3.21)
The shear strain contributions from the flange, in both the less compressed and more
compressed portions respectively, adding to the membrane energy, have expressions thus:
γxz2 =
∂W
∂z
− θ, (3.22)
γxz1 =
∂W
∂z
− θ +
∂ufl
∂x
+
∂wfl
∂z
∂wfl
∂x
. (3.23)
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Again, no local buckling terms are present in the shear strain expression for the less com-
pressed portion of the flange. Hence, the membrane energy contribution due to shear
strains in both the tension and compression sides of one flange can be written as:
Umγf =
Gtf
2
∫ L
0
∫ 0
−b/2
γ2xz1 dxdz +
Gtf
2
∫ L
0
∫ b/2
0
γ2xz2 dxdz
=
Gtfb
2
∫ L
0
[
(qs − qt)
2π2 cos2
(πz
L
)
+
2u2
b2
+
{f ′2f 2}x
b
w˙2fw
2
f −
4{f ′f}x
b
uw˙fwf
−
2π
b
(qs − qt) cos
(πz
L
)
(u− {f ′f}xw˙fwf )
]
dz, (3.24)
where G represents the shear modulus of the material, given by G = E/[2(1 + ν)] for an
isotropic and homogeneous material. The shear strain contribution from the web is given
by:
γyzw =
(
∂wwl
∂z
∂wwl
∂y
)
, (3.25)
thus, the strain energy contribution from shear in the web is:
Umγw =
Gtw
2
∫ L
0
∫ 0
−h
γ2yzw dydz
=
Gtw
2
∫ L
0
[
{g′2g2}yw˙
2
ww
2
w
]
dz. (3.26)
Note that the shear strain term for the web also does not include the global component θ,
additionally the in-plane displacement is invariant with y. Finally, the work done by the
axial load PE is written as:
PE = P
∫ L
0
[
π2
2
q2s cos
2
(πz
L
)
−
1
2
u˙+∆
]
dz, (3.27)
where E is the distance moved by the external load comprising the inextensional component
of end shortening due to the global buckling mode, the in-plane local displacement and an
end shortening component term due to pure squashing.
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3.2.1 Non-dimensionalization
In order to solve the resulting equilibrium equations in the software Auto-07p, the vari-
ables need to be presented in a non-dimensional form. It is therefore prudent at this stage
to re-scale the potential energy expressions with the non-dimensional spatial coordinate
z˜ = 2z/L, i.e. the strut half-length, before further development, as shown in Fig. 3.6. The
z
wf (z)
z = 0
z˜ = 0
z = L/2
z˜ = 1
z = L
z˜ = 2
L
Figure 3.6: Non-dimensionalization of the I-section strut with respect to the strut half-
length, symmetrical about the mid-span.
out-of-plane and in-plane displacements w and u are thus re-scaled respectively and pre-
sented in their non-dimensional forms, w˜ and u˜. The non-dimensional scalings of their
derivatives are found using the chain rule as summarized in Table 3.1. These derivatives
Displacements w =
L
2
w˜, u =
L
2
u˜
First derivatives
dw
dz
=
dw˜
dz˜
,
du
dz
=
du˜
dz˜
Second derivatives
d2w
dz2
=
2
L
d2w˜
dz˜2
,
d2u
dz2
=
2
L
d2u˜
dz˜2
Fourth derivatives
d4w
dz4
=
8
L3
d4w˜
dz˜4
Table 3.1: Non-dimensional scalings for out-of-plane w and in-plane u local displacements,
including higher order derivatives.
are also introduced into the total potential energy. Note that this re-scaling potentially
enforces symmetry at the strut mid-span, an assumption that is valid for cases where global
buckling is the critical mode (Wadee, 2000), which is applicable currently.
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3.2.2 Total potential energy
The total potential energy V is given by the sum of all the strain energy terms minus the
work done by the load, as follows:
V = UB + 2Ubf + Ubw + 2Umǫf + Umǫw + 2Umγf + Umγw − PE . (3.28)
Note that all energies arising from the flange are doubled, accounting for the symmet-
rical top and bottom flanges. Thus by assembling the Equations (3.10)–(3.27) in their
non-dimensional form and using the relationship between wf (z) and ww(z) presented in
Equation (3.9), the total potential energy can be expressed thus:
V =
∫ 2
0
{
EIwπ
4q2s
4L
sin2
(
πz˜
2
)
+
DfL
2
[
L2
4
{f ′′2}xw˜
2 +
4
L2
{f 2}x ˜¨w
2 + 2ν{f ′′f}x ˜¨ww˜
+2(1− ν){f ′2}x ˜˙w
2
]
+
DwL
4
[
L2
4
{g′′2}yκ
2w˜2 +
4
L2
{g2}yκ
2 ˜¨w2 + 2ν{g′′g}yκ
2 ˜¨ww˜
+2(1− ν){g′2}yκ
2 ˜˙w2
]
+
EtfL
2
[
b3q2t π
4
12L2
sin2
(
πz˜
2
)
+
b
6
˜˙u2 +
{f 4}x
4
˜˙w4
−
qtb
2π2
6L
sin
(
πz˜
2
)
˜˙u+
qtπ
2{xf 2}x
L
sin
(
πz˜
2
)
˜˙w2 −
b∆
2
˜˙u− {f 2}x∆ ˜˙w
2
−
2{xf 2}x
b
˜˙u ˜˙w2 + b∆2
]
+
EtwL
4
[
{g4}y
4
κ4 ˜˙w4 − {g2}y∆κ
2 ˜˙w2 + h∆2
]
+
GtfL
2
[
b(qs − qt)
2π2 cos2
(
πz˜
2
)
+
L2
2b
u˜2 +
L2{f ′2f 2}x
4
˜˙w2w˜2 −
L2{f ′f}x
b
u˜ ˜˙ww˜
−πL(qs − qt) cos
(
πz˜
2
)
u˜+ πL(qs − qt){f
′f}x cos
(
πz˜
2
)
˜˙ww˜
]
+
GtwL
3
16
{g′2g2}yκ
4 ˜˙w2w˜2 −
PL
2
[
q2sπ
2
2
cos2
(
πz˜
2
)
−
˜˙u
2
+ ∆
]}
dz˜. (3.29)
3.3 Equilibrium equations
The governing differential equations of equilibrium can be obtained from the total potential
energy by performing the calculus of variations (Fox, 1987), a well established procedure
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(Thompson & Hunt, 1973; Hunt & Wadee, 1998). The integrand of the total potential
energy V can be expressed in the Lagrangian form as:
V =
∫ 2
0
L( ˜¨w, ˜˙w, w˜, ˜˙u, u˜, z˜) dz˜. (3.30)
Hence, the first variation of V can be written as:
δV =
∫ 2
0
[
∂L
∂ ˜¨w
δ ˜¨w +
∂L
∂ ˜˙w
δ ˜˙w +
∂L
∂w˜
δw˜ +
∂L
∂ ˜˙u
δ ˜˙u+
∂L
∂u˜
δu˜
]
dz˜. (3.31)
Since:
d
dz˜
(δ ˜˙w) = δ ˜¨w,
d
dz˜
(δw˜) = δ ˜˙w,
d
dz˜
(δu˜) = δ ˜˙u, (3.32)
integrating by parts gives the following expression for δV :
δV =
{[
DfL
2
(
8
L2
{f 2}x ˜¨w + 2ν{f
′′f}xw˜
)
+
DwLκ
2
4
(
8
L2
{g2}y ˜¨w + 2ν{g
′′g}yw˜
)]
δ ˜˙w
}2
0
+
{[
DfL
2
(
4(1− ν){f ′2}x ˜˙w −
8
L2
{f 2}x
.˜..
w − 2ν{f ′′f}x ˜˙w
)
+
DwLκ
2
4
(
4(1− ν){g′2}y ˜˙w −
8
L2
{g2}y
.˜..
w − 2ν{g′′g}y ˜˙w
)
+
EtfL
2
(
{f 4}x ˜˙w
3
+
2qtπ
2
L
{xf 2}x sin
(
πz˜
2
)
˜˙w − 2{f 2}x∆ ˜˙w −
4
b
{xf 2}x ˜˙u ˜˙w
)
+
EtwLκ
2
4
(
{g4}yκ
2 ˜˙w3
− 2{g2}y∆ ˜˙w
)
+
GtfL
2
(
L2
2
{f ′2f 2}x ˜˙ww˜
2 −
L2
b
{f ′f}xu˜w˜
+ πL(qs − qt){f
′f}x cos
(
πz˜
2
)
w˜
)
+
GtwL
3κ4
8
{g′2g2}y ˜˙ww˜
2
]
δw˜
}2
0
+
{[
EtfL
2
(
b
3
˜˙u−
b2qtπ
2
6L
sin
(
πz˜
2
)
−
b
2
∆−
2
b
{xf 2}x ˜˙w
2
)
+
PL
4
]
δu˜
}2
0
+
∫ 2
0
{{
DfL
2
[
8
L2
{f 2}x ˜
....
w + 4ν{f ′′f}x ˜¨w − 4(1− ν){f
′2}x ˜¨w +
L2
2
{f ′′2}xw˜
]
+
DwLκ
2
4
[
8
L2
{g2}y ˜
....
w + 4ν{g′′g}y ˜¨w − 4(1− ν){g
′2}y ˜¨w +
L2
2
{g′′2}yw˜
]
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−
EtfL
2
[
3{f 4}x ˜˙w
2 ˜¨w +
2π2qt
L
{xf 2}x
(
sin
(
πz˜
2
)
˜¨w +
π
2
cos
(
πz˜
2
)
˜˙w
)
+ 2{f 2}x∆ ˜¨w −
4
b
{xf 2}x
(
˜¨u ˜˙w + ˜˙u ˜¨w
) ]
−
EtwLκ
2
4
[
3{g4}yκ
2 ˜˙w2 ˜¨w − 2{g2}y∆ ˜¨w
]
−
GtfL
2
[
L2
2
{f ′2f 2}x
(
˜¨ww˜2 + ˜˙w2w˜
)
−
L2
b
{f ′f}x ˜˙uw˜
−
πL
2
(qs − qt)π{f
′f}x sin
(
πz˜
2
)
w˜
]
−
GtwL
3
8
κ4{g′2g2}y
(
˜¨ww˜2 + ˜˙w2w˜
)}
δw˜
+
{
EtfL
2
[
b2π3qt
12L
cos
(
πz˜
2
)
+
4
b
{xf 2}x ˜˙w ˜¨w −
b
3
˜¨u
]
+
GtfL
2
[
L2
b
u˜−
L2
b
{f ′f}x ˜˙ww˜ − Lπ (qs − qt) cos
(
πz˜
2
)]}
δu˜
}
dz˜. (3.33)
The stationary point of the total potential energy V gives the equilibrium condition, hence
the first variation must vanish for all small changes of w˜ and u˜. A fourth order nonlinear
ordinary differential equation (ODE) in w˜ and a second order nonlinear ODE in u˜ are
found thus:
....
w˜ −
b2φ2
2{f 2}xη
[
ν{f ′′f}x + (1− ν){f
′2}x
]
¨˜w +
b4φ4
16η
{f ′′2}x
{f 2}x
w˜
−
DwL
2
4Df{f 2}xη
[
ν{g′′g}yκ
2 ¨˜w −
L2{g′′2}yκ
2
8
w˜ + (1− ν){g′2}yκ
2 ¨˜w
]
−
EtfL
2
8Df{f 2}xη
[
3{f 4}x ¨˜w ˙˜w
2 +
2qtπ
2{xf 2}x
L
[
sin
(
πz˜
2
)
¨˜w +
π
2
cos
(
πz˜
2
)
˙˜w
]
−
4{xf 2}x
b
(
¨˜u ˙˜w + ˙˜u ¨˜w
)
− 2∆{f 2}x ¨˜w
]
−
EtwL
2
16Df{f 2}xη
[
3{g4}yκ
4 ¨˜w ˙˜w2
−2{g2}yκ
2∆ ¨˜w
]
−
GtfL
2
8Df{f 2}xη
[
L2{f ′2f 2}x
2
(
˙˜w2w˜ + ¨˜ww˜2
)
−
π2L
2
(qs − qt){f
′f}x sin
(
πz˜
2
)
w˜ −
L2{f ′f}x
b
˙˜uw˜
]
−
GtwL
4
32Df{f 2}xη
{g′2g2}yκ
4
(
˙˜w2w˜ + ¨˜ww˜2
)
= 0, (3.34)
¨˜u−
bqtπ
3
4L
cos
(
πz˜
2
)
−
12{xf 2}x
b2
¨˜w ˙˜w −
3G
Eb
[
L2
b
u˜− πL(qs − qt) cos
(
πz˜
2
)
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−
L2
b
{f ′f}x ˙˜ww˜
]
= 0, (3.35)
where the parameter η is:
η = [1 + {g2}yκ
2Dw/(2{f
2}xDf )], (3.36)
which is essentially the ratio of bending stiffnesses of the web to the flange. The flange
plate aspect ratio is denoted by the non-dimensional parameter φ = L/b. Again, the
terms in braces represent definite integration of the functions with respect to the subscript
dimension and between the limits defined earlier.
Note that if the Euler–Bernoulli beam theory were considered here and qs = qt, the shear
strain would be equal to zero and the terms within the analytical model that capture the
interactive behaviour of the strut would be lost.
The total potential energy V also needs to be minimized with respect to the generalized
coordinates, qs, qt and ∆, leading to three separate integral equations. In non-dimensional
form, they are written as:
qsπ
2 +
2GtfbL
2
EIw
(qs − qt)−
PL2qs
EIw
−
GtfL
3
EIwπ
∫ 2
0
[
cos
(
πz˜
2
)
(u˜− {f ′f}x ˙˜ww˜)
]
dz˜ = 0,
(3.37)
qtπ
2 −
12GL2
Eb2
(qs − qt) +
∫ 2
0
[
6GL3
Eπb3
cos
(
πz˜
2
)
(u˜− {f ′f}xw˜ ˙˜w)
+
6L
b3
sin
(
πz˜
2
)(
{xf 2}x ˙˜w
2 −
b2
6
˙˜u
)]
dz˜ = 0, (3.38)
∫ 2
0
[(
1 +
twh
2tfb
)
∆−
˙˜u
4
−
{f 2}x
2b
˙˜w2 −
tw{g
2}yκ
2
4tfb
˙˜w2 −
P
2Etfb
]
dz˜ = 0. (3.39)
CHAPTER 3. GLOBAL WEAK AXIS AND LOCAL BUCKLING INTERACTION 86
Boundary conditions defining a pinned end at z˜ = 0 and a reflective symmetry condition
at z˜ = 1 are also imposed and written as:
w˜(0) = ˜¨w(0) = ˜˙w(1) =
.˜..
w(1) = u˜(1) = 0. (3.40)
An additional end condition is also imposed at the strut ends, to match the in-plane strain.
˜˙u
3
−
2
b2
{xf 2}x ˜˙w
2 −
∆
2
+
P
2Etfb
= 0. (3.41)
This expression arises naturally from the elimination of the δu˜ term outside the integral in
Equation (3.33). Currently, this final condition is only necessary at z˜ = 0.
3.4 Critical global buckling load
The critical load for global buckling about the weak axis PCo of the perfect strut can
be found using linear eigenvalue analysis by considering the Hessian matrix VFij, where
superscript F denotes the fundamental path.
VFij =

 ∂
2V
∂q2s
∣∣F ∂2V
∂qs∂qt
∣∣F
∂2V
∂qt∂qs
∣∣F ∂2V
∂q2t
∣∣F

 . (3.42)
The matrix VFij is singular at the global critical load P
C
o , thus by substituting the appropri-
ate derivatives of the total potential energy V into the matrix and equating the determinant
to zero, while imposing the pre-buckling condition where w = u = qs = qt = 0, including
all derivatives, it can be found that the critical load for global buckling about the weak
axis is:
PCo =
π2EIw
L2
+
2Gtfb
1 + 12GL2/(Eb2π2)
. (3.43)
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Note that this expression is the summation of two parts. If shear strains are not considered,
thus assuming that the shear modulus G→∞, the expression would reduce to the Euler
load for an I-section assuming Euler–Bernoulli beam theory. However, since Timoshenko
beam theory, thus the effects of shear strains, is being considered, the second part of the
expression contains the reduction in the buckling load arising from assuming a finite shear
modulus.
3.5 Numerical results
An example of a numerical solution of the governing equations is presented in this section,
for the case where weak axis global buckling is critical. A fixed geometry and common
material properties for steel are assigned to the strut, as given in Table 3.2. The dimensions
Young’s Modulus E 210000N/mm2
Poisson’s ratio ν 0.3
Length L 4000mm
Flange breadth b 90mm
Flange thickness tf 1.2mm
Web thickness tw 1.2mm
Height h 120mm
Table 3.2: Geometry and material properties used in the numerical solution of the governing
equations.
have been chosen to ensure the global weak axis buckling load and the local buckling loads
are close, such that mode interaction is observed within the elastic range, with global
buckling remaining critical. The global buckling load is calculated from the the expression
given in Equation (3.43), giving a value of 18868N for the current material properties and
geometries. An estimate for the local buckling stresses of the flange and the web can be
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obtained from the expression:
σCl =
kpπ
2E
12(1− ν2)(B/tf )2
, (3.44)
for long plates (Bulson, 1970), where B is the breadth of the component between supports;
for the current example B = 45mm for the flange, and B = 120mm for the web. The
parameter kp depends on the boundary conditions of the flange and web plates at these
supports; for the current case, kp can vary between the values 0.43 to 1.25 for the flange, and
4.00 to 6.97 for the web. The possible boundary conditions and their respective buckling
loads for both the flange and the web are presented in Table 3.3, assuming that the axial
Flange Web
kp value 0.43 1.25 4.00 6.97
Support conditions Pinned–Free Fixed–Free Pinned–Pinned Fixed–Fixed
σCo [N/mm
2] 58.03 168.71 75.92 132.29
PCo [N] 20892 60736 27331 47624
Table 3.3: Local buckling stresses and loads for the I-section strut with prescribed geome-
tries. Support conditions are indicated for the long edges of the plates.
load is distributed evenly across the entire cross-section. Owing to the rigidly rotating
flange–web connection, it can be observed that kp is closer to 0.43 due to the boundary
being able to rotate, thus the flange is the critical component in the strut. A lower bound
local buckling load for the strut can therefore be found at 20892N, which has an associated
upper bound solution of 60736N. However, for the pinned boundary condition, the local
buckling load of the web is only 30% higher, thus it is reasonable to assume the web buckles
in sympathy with the flange after the local buckling mode in the flange is triggered.
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3.5.1 Solution methodology
The governing system of nonlinear ODEs and integral conditions derived previously and
presented in Equations (3.34)–(3.41) are too complex to be solved explicitly by hand. Nu-
merical solutions to the set of equations are obtained using the continuation and bifurcation
software Auto-07p. The software is a very powerful tool for solving complex, nonlinear
systems of ODEs and has been used previously in similar problems (Hunt & Wadee, 1998;
Wadee et al., 2010; Wadee & Gardner, 2012; Wadee & Farsi, 2014; Bai & Wadee, 2015b).
The program is capable of:
• computing branches of periodic solutions and determining their stability,
• locating folds (limit points), branch points and various kinds of bifurcations along a
parametrically varying path,
• tracing curves showing the evolution of solutions while parameters of the governing
system equations vary subject to nonlinear boundary and integral conditions (Doedel
& Oldeman, 2011).
With the capabilities listed above, it can be deemed suitable for solving the current prob-
lem.
The software solves the set of ODEs numerically by discretizing each mesh interval into
a number of collocation points using the method of orthogonal collocation (de Boor &
Swartz, 1973). The number of collocation points used by Auto-07p can be between 2 and
7 and is user defined. The mesh density is also set by the user and is modified automatically
to achieve convergence. A solution using piecewise polynomials is then selected that best
fit all collocation points within the mesh interval. The associated error due to the local
discretization is automatically calculated and the mesh is adjusted accordingly, with the
error being equally redistributed over all collocation points (Russell & Christiansen, 1978).
In this way, the locally deflected shapes (w and u) of the strut are found.
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The equilibrium paths are found using predictor–corrector continuation methods such as
the modified Newton–Raphson method, which is shown in Fig. 3.7. The solution is initial-
φ
φ φ
φ
start point
first point
correction
Exact solution
Mesh size
Deflection
Load
Figure 3.7: The modified Newton–Raphson method used in the software Auto-07p, in
combination with other continuation methods.
ized at a point, and the next step in the solution is predicted based on the initial stiffness
at the start of the current increment. The prediction is then corrected until it becomes suf-
ficiently close to the real solution with a defined tolerance. The modified Newton–Raphson
method differs from the classic Newton–Raphson method in that the same stiffness matrix
is used for each iteration, whereas for the classic method, the stiffness matrix is recomputed
upon each iteration. The modified method requires significantly less computational power,
but can also result in more steps needed to reach convergence with a specified tolerance
(Seydel, 1997).
However, the modified Newton–Raphson method can be ineffective when a fold or bifurca-
tion point is encountered along the post-buckling path, therefore Auto-07p also utilizes
pseudo-arclength continuation (Riks, 1972) which can be implemented in conjunction with
the modified Newton–Raphson method, to overcome this problem (Crisfield & Wills, 1988;
Crisfield, 1997).
The governing equations and the integral and boundary conditions are input into the
software Auto-07p using the programming language Fortran in their non-dimensional
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form. The software Auto-07p is primarily designed for autonomous systems of ODEs, and
the governing equations are non-autonomous. However, by transforming the sixth-order
system into a system of six, first-order ODEs, plus an additional seventh variable in z,
the system can be transformed into an autonomous case solvable using Auto-07p. Note
that, as defined currently in §3.2.1, Auto-07p solves the current problem for one half of
the strut, and all results are therefore mirrored about the strut mid-span. However, if the
whole length were used in the re-scaling (z˜ = z/L for instance) then the full length could
also be solved (Wadee, 2000).
The initial parameters are set with the normalized load at p = P/PCo = 1; qs and qt
are at nominal values to encourage the initialization of the solution. Initially, qs and qt
are the primary varying parameters, with the load p constant at 1, in order to find the
secondary bifurcation points, as shown in Fig. 3.8(a). A series of bifurcation points (BPs)
can be found using this method, and the first secondary bifurcation point (labelled ‘S’) is of
interest in this current study. The branch switching function is then utilized in Auto-07p
from this secondary bifurcation point S, with the load p as the principal varying parameter,
and in this way the interactive post-buckling path is found, as shown in Fig. 3.8(b). All
results are processed and presented using the software package Matlab (2010).
3.5.2 Results and discussion
The solutions for the set of governing equations, using the parameters detailed in Table 3.2
are shown in Fig. 3.9. The graphs show the critical buckling point, labelled C in the figures,
at p = 1, where p = P/PCo . The resulting equilibrium path is neutrally stable during global
buckling only. The secondary bifurcation point is found at S, and the branch switching
function in Auto-07p is used currently to find the solution for the unstable post-buckling
path where interaction with the local buckling mode occurs. It can be observed from the
figures that there is no out-of-plane displacement in the flange or the web (i.e. wmax = 0)
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Figure 3.8: Solution strategy for finding the equilibrium path using the software Auto-
07p, for the case where weak axis global buckling is critical. The critical bifurcation point
is labelled C and secondary bifurcation point is labelled S.
after the critical point C is reached. It is only after the secondary bifurcation point S that
any out-of-plane displacement is evident in the model. Only the global buckling mode is
activated between C and S; subsequently, following S, the nonlinear interaction between
the global and local buckling modes is exhibited along the equilibrium path.
It can be seen that the load carrying capacity decreases quickly after the secondary bifur-
cation point, where local flange and web buckling are triggered. During the post-buckling
process, it can also be determined that qs and qt are similar but not equal, with around
0.3% difference between them, as shown in Fig. 3.10. This indicates that the shear strain
in the strut is small but, importantly, not negligible.
Figure 3.11 shows the development of the out-of-plane and in-plane deflected shapes of the
flange at the outstand. The out-of-plane deflection of the web ww can also be calculated
by multiplying the flange deflection wf by the factor κ, as defined in Equation (3.9); for
the current numerical example κ is approximately 0.364, indicating that the deflection in
the flange is approximately three times that of the web. Although the web is more slender,
this is expected since the web has two boundaries which prevent any deflection in the out-
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Figure 3.9: Numerical solutions of equilibrium equations defining the post-buckling paths:
(a) the normalized load p = P/PCo versus the normalized total end shortening E/L, (b) p
versus global mode amplitude qs, (c) p versus the normalized maximum out-of-plane dis-
placement of the flange wmax and (d) wmax versus qs. The critical and secondary bifurcation
points are labelled as C and S respectively.
of-plane direction, whereas the flange has one free edge. A cross-section of the out-of-plane
displacements of the strut at mid-span is shown in Fig. 3.12. Note that all deflections
have been exaggerated by a factor of 5 for clarity. The modes display a small, modulated
sinusoidal shape that is localized around the centre of the strut. As the post-buckling path
progresses beyond S, the amplitude of wf increases, with the maximum deflection shown in
Fig. 3.11 approaching a value of 2mm in the flange, a large deflection compared to the plate
thickness of 1.2mm. The local buckling patterns all have a modulating amplitude from the
centre of the strut outwards. Moreover, as the end displacement increases, the wavelengths
reduce progressively. These behaviours are characteristic of similar thin-walled structural
components undergoing such modal interactions (Wadee & Gardner, 2012; Wadee & Bai,
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Figure 3.10: The global generalized coordinates qs and qt with progression along the post-
buckling path. The two values can be seen to be similar but not equal.
2014), and has also been observed previously in experimental studies (Becque, 2008; Becque
& Rasmussen, 2009a). The in-plane displacement u is seen to develop in kind with the out-
of-plane displacement, with maximum values at the ends of the strut and the displacement
profile being antisymmetric about the mid-span, as imposed by the boundary conditions
during the numerical solution of the equations.
In previous work, cellular buckling, where a series of snap-backs occur in the interactive
region of the post-buckling path, has been an integral feature in the behaviour of these types
of structural components (Wadee & Bai, 2014). It is noted that no cellular buckling has
been observed in the present example. This is primarily owing to the nature of the flange–
web connection, which is modelled as being free to rotate as a rigid body. In previous work,
cellular buckling in similar structures have only been found where the joints are modelled
as pinned (Wadee & Gardner, 2012; Wadee & Farsi, 2014; Wadee & Bai, 2014). It has been
seen previously that as soon as any rigidity in the flange–web connection is introduced, the
cellular behaviour is quickly eroded, even with only a small increase in rigidity (Wadee &
Farsi, 2014; Bai & Wadee, 2015b). It can therefore be postulated that the current flange–
CHAPTER 3. GLOBAL WEAK AXIS AND LOCAL BUCKLING INTERACTION 95
0 1000 2000 3000 4000
−2
0
2
p = 0.998
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.98
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.97
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.96
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.94
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.92
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.90
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.88
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
0 1000 2000 3000 4000
−2
0
2
p = 0.80
w
f
[m
m
]
z [mm]
0 1000 2000 3000 4000
−0.05
0
0.05
u
[m
m
]
z [mm]
Figure 3.11: Numerical solutions for the out-of-plane deflections of the flange wf and the in-
plane deflection of the flange u in sequence, as p decreases along the unstable post-buckling
path.
web connection model is providing more rigidity to the joint than a fully pinned support
and thus eroding any potential cellular behaviour in the system. However, the changing
local buckling wavelengths are still observed, which is a remnant of the cellular buckling
behaviour.
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Figure 3.12: Cross-section out-of-plane deflections for both the flange and the web at the
strut mid-span. Deflections are shown for the points p = 0.998, p = 0.94 and p = 0.88
along the post-buckling path. Note that all deflections have been exaggerated by a factor
of 5 for clarity.
Figure 3.13 shows a selection of three-dimensional representations of the numerical solution
to the analytical model, at various stages in the post-buckling path. The diagrams include
all deflections calculated by the equations, W , θ, wf , ww and u which are mapped onto
the I-section as a three dimensional image. Here, a clear representation of the global weak
axis buckling mode and how the local buckling of the flange and the web interacts with
the global mode can be seen.
3.6 Concluding remarks
A nonlinear analytical model has been formulated to analyse the mode interaction between
weak axis global buckling with local flange and web buckling in a thin-walled I-section
compression strut. The flange–web connection is modelled as being free to rotate as a rigid
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Figure 3.13: Numerical solutions for deflections shown in 3D, plotted using Matlab with
examples shown at (a) the initial state where p = 1, (b) p = 0.98, (c) p = 0.90 and (d)
p = 0.80. All dimensions are given in millimetres.
body. A numerical example is presented where geometries dictate that global buckling
is the critical mode, and exhibits a neutrally stable post-buckling path. A secondary
bifurcation point is then found, where local flange and web buckling are also triggered and
interacts with the global buckling mode, resulting in an unstable and potentially dangerous
post-buckling path. The local buckling of the flange and web shows a spreading, modulated
shape, which increases in amplitude and decreases in wavelength as the post-buckling path
progresses and load capacity decreases, a phenomenon that has previously been found in
experimental work and other analytical studies on similar components.
The following chapters explore methods of validation, using finite element (FE) analysis,
for the current model. The analytical study is then extended to consider other practical
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cases such as strong axis global buckling, where the weak axis is restrained. The presence
of initial imperfections as well as a further investigation into the connection detail between
the flange and the web is also presented.
Chapter 4
Finite element modelling and
validation
Finite element (FE) models have become even more powerful in recent years and with
continued improvements made in computing speed and power, they have become much
more practical for solving complex problems. The commercial finite element software
Abaqus (2014) has been commonly used in the prediction of buckling modes and mod-
elling nonlinear interaction in post-buckling behaviour. These include models that are
constructed to analyse the post-buckling behaviour of many thin-walled sections similar
to the current study (Becque & Rasmussen, 2009b; Wadee & Farsi, 2014; Bai & Wadee,
2015b), as well as for extensive broader applications, such as simulating sandwich struc-
tures with different cores (Wadee et al., 2010) and structural behaviour under elevated
temperatures (Ng & Gardner, 2007; Espinos et al., 2011; Yang et al., 2013). Therefore the
FE method and the commercial software package Abaqushas been chosen to develop a
series of purely numerical models of the axially compressed strut throughout this thesis,
and is used initially to validate the analytical model presented in Chapter 3.
An identical I-section strut is constructed in the software Abaqususing the same material
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and geometric properties as presented in Table 3.2. The FE model focuses on the case
where the weak axis global buckling mode of the strut is critical. The cross-section is of
uniform thickness throughout, with a flange–web connection that is free to rotate as a rigid
body, dictating that the local buckling mode includes both the flanges and the web.
4.1 Element selection
The shell element S4R is selected from the Abaqus library for modelling the current prob-
lem, and is shown diagrammatically in Fig. 4.1. The element notation represents the type
(a) (b) (c)
nodes
integration point
Section points through thickness
at integration point
Figure 4.1: Element S4R chosen to model the current problem, (a) shows a three-
dimensional sketch of the element, (b) is the plan view of the element showing node and
integration point positions and (c) is the elevation view through the thickness of the ele-
ment.
of element it is; the first letter ‘S’ indicates a conventional, three-dimensional shell element
that allows transverse shear deformations (ABAQUS, 2014), which is essential in the cur-
rent study, as Timoshenko beam theory is implemented within the analytical model. The
number indicates the element has four nodes (and therefore is a quadrilateral) and the
letter ‘R’ denotes that reduced integration is implemented.
The application of reduced, or lower-order, integration is used extensively in modern FE
applications and allows the distributed loadings to be integrated exactly without the need
for implicit solution methods (Smith & Griffiths, 1997). The effect is a more accurate
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result with dramatically reduced computational effort, particularly for the case of three-
dimensional analysis. However, the implications of using the first-order, linear elements
is that instabilities can occur in the model, known as the ‘zero-energy’ or ‘hourglass’
mode. This is where the elements display deformations but under the condition that
the corresponding integration points exhibit zero strain. A diagrammatic representation
of how this can occur in a four-noded element with a single integration point is shown
in Fig. 4.2 (Cook, 1995). In such cases the hourglass mode can spread through numerous
Undeformed shape Hourglass modes
Figure 4.2: Example of the hourglass mode on a small system of four-noded quadrilateral
elements with one integration point.
parts of a model without strains showing in any of the elements, giving unphysical solutions
(Belytschko et al., 2000).
The hourglass mode is a mathematical solution that has no physical significance and must
be avoided in FE studies, therefore hourglass control is employed by Abaquswhen using
the S4R element. However, it is still necessary for the user to check that the solutions
are not exhibiting this type of behaviour manually. Hourglass modes can be overcome in
FE models by taking simple steps such as reducing mesh size, or distributing concentrated
loads to act over multiple nodes (ABAQUS, 2014).
The capabilities of the element and its use in the scientific literature for modelling similar
problems with geometric nonlinearities indicates that it is a suitable choice for use in the
current study (Wadee & Gardner, 2012; Wadee & Farsi, 2014; Bai & Wadee, 2015b).
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4.2 Strut modelling
The strut is modelled using the input file method, by means of inserting Abaqus keywords
from the keywords library into the user interface (ABAQUS, 2014). The strut is created
using three individual parts; the two flanges and the web. Node sets are created for the
centreline of the top and bottom flanges, and these are tied to the top and bottom edge
of the web respectively, using a *TIE constraint. The ‘No Rotation’ option is also used
for the tie, which ensures the flange and the web remain perpendicular at the point of
connection. This is similar to the constraint imposed by the analytical model, where the
flange–web connection is modelled to be free to rotate as a rigid body. Only one half of
the strut is modelled, and a symmetrical boundary condition is imposed at the strut mid-
span using Abaqus keyword *ZSYMM to reduce computational cost while also matching
the symmetrical boundary condition imposed in the analytical model. A globally pinned
support condition is also imposed at the end of the strut by restraining deflection in the x
and y directions, as well as rotation about the z-axis. The load is applied as a concentrated
point force at the centroid of the cross-section.
4.2.1 Meshing
The mesh size chosen for the model has to be sufficiently small such that a satisfactory,
convergent solution is reached, but sufficiently large such that unnecessary computational
power is not spent. Additionally, it would be desirable to use the same size of element
throughout the strut for ease of computation and consistency, hence the element size is
also restricted by the geometry of the strut. Figure 4.3 shows a portion of the strut at
one loading end. Although the shell elements have thickness, they are idealized as thin-
walled for the construction of the model, thus the flange and web are tied together at
the mid-surface of the shell elements as depicted. Using S4R elements, there can only be
one element through the thickness of each part. The element dimensions in the transverse
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Figure 4.3: FE model and sample of the meshing strategy.
direction and the longitudinal direction (sometimes termed the ‘rows’ and ‘columns’, for a
structural member of uniform cross-section) can be selected manually by the user. However,
if a consistent element size is used throughout the section, the transverse element size must
be a factor of the width and depth of the cross-section and the longitudinal element size
must be a factor of the strut half-length, to ensure that the number of elements in each
‘row’ and ‘column’ of the strut is an integer. Additionally, to ensure a tie can be enforced
between the flanges and the web, and in order to apply the load to the strut concentrically
in one point load, all the positions in the strut cross-section marked by a filled circle in
Fig. 4.3 must be at a node.
For a strut of geometric properties as described in Table 3.2, a mesh sensitivity study is
conducted using element sizes that fulfil the above constraints. Linear eigenvalue analysis
is used in Abaqus to find the global buckling load, and the convergence of results from
the meshes are plotted in Fig. 4.4. The global buckling loads given are also compared to
that found using the analytical expression given in Equation (3.43). It can be observed
that the longitudinal mesh (plotted for a mesh size of 5mm to 40mm) does not have
a great influence on the accuracy of the solution, however a significant improvement is
observed with the reduction of the transverse mesh size. It is found that the mesh size
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Figure 4.4: Mesh sensitivity analysis of the FE model, showing a family of curves for
different longitudinal mesh sizes, with varying transverse mesh sizes.
in the transverse direction must be 6mm or less to achieve a difference of less than 0.5%
from the analytical solution PCo , when comparing the global buckling load and Fig. 4.4
shows a good convergence is achieved with the minimum transverse mesh size of 5mm.
Thus, it was determined that an element size of 10mm in the longitudinal direction and
the minimum investigated mesh of 5mm in the transverse direction was sufficient to give
accurate results with relatively low computational costs. The selected geometries also
permit the entire strut to be divided into equal sized elements, with the aspect ratio of each
element remaining reasonable, to ensure physical deformation shapes are preserved. For the
4000mm strut modelled using a symmetry condition at mid-span, a total of 12000 elements
were present in the model. Using a standard PC, each analysis required approximately one
hour to compute a post-buckling path.
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4.3 Solution strategy
Initially, linear eigenvalue analysis is conducted to find the critical buckling loads and
associated modes using the Abaqus command *BUCKLE from the keyword library. The
results from the linear analysis are stored in a displacement results file and the first global
and local buckling modes are then introduced into a nonlinear Riks analysis (Riks, 1972)
as initial geometric imperfections, using the Abaqus keyword *STATIC RIKS to find the
post-buckling behaviour of the strut. For implementing this method of analysis in Abaqus,
initial imperfections must be introduced to find post-buckling equilibrium solutions for the
model (Belytschko et al., 2000). However, in order to compare the results with the perfect
case strut calculated using the analytical model satisfactorily, the imperfections must be
kept to be as small as possible, this ensures compatibility with the analytical model while
simultaneously, allowing an accurate post-buckling response to be captured. The Riks
arclength technique utilizes the Newton–Raphson method to track the equilibrium path
and the software automatically chooses appropriate increments for each step, as part of
this method. However these increments are limited by the user to ensure convergence
(ABAQUS, 2014). The keyword *STEP, NLGEOM was used during the Riks analysis to
account for geometric nonlinearities within the model.
4.4 Validation of the weak axis buckling model
An FE model of the strut described in Table 3.2 is constructed in Abaqus and analysed
using the methods and processes described previously. A linear eigenvalue analysis was
conducted and revealed that weak axis global buckling is indeed the critical mode as
shown in Fig. 4.5(a), followed closely by local buckling in both the flanges and the web
simultaneously, shown in Fig. 4.5(b). The weak axis global buckling load is predicted by
Abaqus to be 18817N, around 0.3% lower than the load calculated by the analytical model
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(a) Weak axis global buckling (b) Local flange and web buckling
Figure 4.5: Results from linear eigenvalue analysis of the I-section strut using Abaqus,
showing both the critical weak axis global buckling mode (displayed with a scale factor
of 200) and the local flange and web buckling mode (displayed with a scale factor of 20).
Note that only one half of the strut is shown.
using Equation (3.43), an excellent comparison. The local buckling load is predicted by
Abaqus to be 26515N which is within the lower and upper bound of the local buckling
load predicted by the analytical model using Equation (3.44). As previously discussed in
Chapter 3, the local buckling load is much closer to the lower bound solution than the
upper bound solution, indicating that although some stiffness is provided by the flange–
web connection, the joint is far closer to being a pinned connection than a rigid one; this
is attributed to the sympathetic rotation of the flange–web joint.
The results from the eigenvalue analysis are then input into a nonlinear Riks analysis
as initial geometric imperfections to find the post-buckling response of the strut. The
magnitude of the imperfections are kept to be as small as possible for comparable results
with the perfect case analytical model. It was found that the minimum amplitude of
imperfections that would induce interactive buckling in the FE model are L/80000 for the
weak axis global imperfection and tf/240 for the local buckling imperfection. The results
from the FE model are then compared with the numerical solutions of the analytical model,
with Fig. 4.6 showing the comparisons of the equilibrium paths. It can be observed that the
analytical and FE solutions match well, particularly in the neighbourhood of the secondary
bifurcation point. The global mid-span displacement qs of the FE model at this point is
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Figure 4.6: Comparisons of the equilibrium paths for the analytical model with the FE
model. Graphs show (a) the normalized load p = P/PCo versus the normalized end shorten-
ing E/L, (b) p versus the global mode amplitude qs, (c) p versus the maximum normalized
out-of-plane displacement of the flange wmax/L and (d) wmax/L versus qs.
found to be 17.1mm, within 2% of that found in the analytical model. All graphs in Fig. 4.6
show an excellent match for the point of secondary bifurcation, and Fig. 4.6(a) shows that
the critical point is also well matched. In all the figures, it is observed that the FE model
exhibits marginally less stiff behaviour than the analytical model during post-buckling.
Figure 4.7 shows the comparison of maximum out-of-plane modal deflections of the more
compressed portion of the flange, which display good correlation, particularly close to the
secondary bifurcation point. The out-of-plane displacement for the web can also be plotted
and compared to the numerical results from the analytical model. Figure 4.8 shows a good
comparison between the two models and the FE model shows the out-of-plane amplitude
to be approximately 0.386 of the deflection of the flange, consistently throughout the post-
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Figure 4.7: Comparisons of the evolution of the out-of-plane displacement function of the
flange wf with numerical solutions from the analytical model shown with the solid line and
the FE results shown with the dot-dashed line.
buckling response. This agrees well with the κ value calculated by the analytical model
which was 0.364, a difference of approximately 6%.
The functions used to define the out-of-plane cross-sectional deflections in the analytical
model i.e. f(x) and g(y) are also compared to the calculated deflections obtained numer-
ically from the FE model, shown in Fig. 4.9. The deflections have been multiplied by a
factor of 5 for clarity. A good approximation of the mode shapes is observed. Note that
the less compressed flange in the analytical model is assumed to remain straight during
post-buckling, thus local deflections of this element are excluded from the formulation de-
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Figure 4.8: Comparisons of the evolution of the out-of-plane displacement function of the
web ww with numerical solutions from the analytical model shown with the solid line and
the FE results shown with the dot-dashed line.
rived in Chapter 3. On comparing with the FE model in Fig. 4.9(b) it is observed that the
assumption is reasonable; the FE model exhibits a less compressed flange with very little
out-of-plane deflection when compared to the more compressed flange, although it is worth
noting that the less compressed portions are not completely straight. The stiffer response
of the analytical model can be partially attributed to the small out-of-plane displacement
of this less compressed flange portion in the FE model, since neglecting this component in
the analytical model may over-constrain the actual response of the system. The in-plane
displacement of the web being treated as negligible may also contribute to the stiffer post-
buckling response of the analytical model. A series of three-dimensional representations
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Figure 4.9: The local deflections calculated by (a) the functions f(x) and g(y) from the
analytical model and (b) the cross-sections extracted from the FE model at the mid-span
of the strut. Both show increasing deformation with progression along the post-buckling
path, with the less compressed portion of the flanges assumed to remain straight in the
analytical model. The deflections have been multiplied by a factor of 5 for clarity.
are also presented in Fig. 4.10 showing a set of visual comparisons of the deflected strut
from both the analytical and FE models.
The FE model shows a larger initial mid-span out-of-plane deflection, which may be due
to the inclusion of initial imperfections, at around 16% higher than that of the analytical
model (Fig. 4.7). It is also observed that the analytical model shows a more periodic
pattern, spread across a longer length of the strut, particularly further down the post-
buckling path. The FE model displays a more modulated pattern over a shorter portion
of the strut length. The wavelengths of the buckling pattern in the analytical and FE
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(a)
(b)
(c)
(d)
Figure 4.10: Comparison of the analytical model and FE solutions with three-
dimensional representations. The results are shown for the equilibrium states at qs =
0.0043, 0.0059, 0.0079 and 0.0106 from (a)–(d) respectively. The left column shows results
from the analytical model with colours chosen to highlight the deformations in the strut
and the right column from the FE model with colours showing element stresses.
models match well close to the secondary bifurcation point. As the post-buckling path
progresses, a reduction in the wavelengths is observed in the analytical model, while the
wavelengths of the FE model remain basically unchanged. This may also contribute to the
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stiffer response of the analytical model, as shown in Fig. 4.6; previous work on a strut on
a nonlinear foundation has shown that the load applied is influenced by the frequency of
the waves present (Budd et al., 2001).
The phenomenon of changing wavelengths in the local buckling mode pattern has been
seen previously in experiments for similar structural components (Becque, 2008; Becque &
Rasmussen, 2009a; Wadee & Gardner, 2012) and it has also been demonstrated in previous
work that static FE programs struggle to model phenomena such as changing wavelengths
successfully when using the standard method of introducing imperfections affine to linear
eigenmodes (Becque & Rasmussen, 2009b; Wadee & Farsi, 2014). Thus, it is postulated
that in this regard the analytical model possibly provides a more accurate representation
of the physical behaviour of this system.
4.5 Concluding remarks
The methodology used for validating the analytical models through the use of numerical
FE models formulated within the commercial software Abaqus in the current thesis has
been presented. This was followed by the FE analysis of mode interaction between weak
axis global buckling and local plate buckling in an I-section strut, with rigidly rotating
flange–web connections. The results were used to validate the numerical solutions from
the previously formulated analytical model in Chapter 3. The critical buckling point was
well identified by the FE model and matched well with the analytical model. Good com-
parisons are also observed, particularly in the neighbourhood of the secondary bifurcation
point. It was observed that the FE model did not capture the phenomenon of changing
wavelengths in the out-of-plane displacement profile during post-buckling, causing the re-
sults from the analytical and FE models to diverge as the post-buckling path progresses.
This phenomenon has been previously observed in experimental work and it can be pos-
tulated that this aspect of the post-buckling behaviour has been captured better by the
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analytical model.
For further study, it would be desirable to incorporate the less compressed part of the
flange into the analytical model. The cross-section taken from the FE model shows that
although the relative displacement of this portion of the flange is small, it is not zero and
including it in the formulation could bring the analytical and FE solutions closer given that
the analytical results are stiffer in the post-buckling range. Additionally, an alternative,
dynamic FE model could be developed to model the strut, which could capture the change
in the out-of-plane deflection profile more successfully. However, this would be much more
expensive computationally and has been found in the past to be troublesome in terms of
convergence (Bai, 2014; Farsi, 2014).
In the current thesis, the focus of further investigation is centred on alternative buckling
modes of the system, namely strong axis global buckling interacting with local buckling
modes. This is a situation commonly seen in practice if the weak axis is braced as an
economical way to increase the load capacity of structural members, and will be explored
in the following chapters. By including the web deflection in the cross-section kinematics,
modelling the strong axis case becomes eminently feasible, since otherwise the interaction
between global and local modes is only very weak. The FE methods developed in the
current chapter will be used subsequently for further validation in due course.
Chapter 5
Formulation of the strong axis global
buckling model: Distinct modes
In the previous chapters, a thin-walled I-section strut under axial compression has been
studied for the case where weak axis global buckling was the critical mode, with the post-
buckling behaviour being later dominated by interaction with local plate buckling in both
flanges and the web. The numerical results from the analytical model showed an initially
neutrally stable post-buckling path, after the global buckling mode was activated. This
was followed by an unstable response, after a secondary bifurcation point was encountered
where local plate buckling was also triggered and interacted with the global mode. The
results from the analytical model showed a good comparison with FE results in Chapter 4,
using an identical model constructed in the commercial software Abaqus. The current
chapter investigates a different practical case, where the weak axis is braced against global
buckling. This is quite commonly seen in practice as an economic and efficient way to
increase the load carrying capacity of I-section struts.
The current chapter introduces a variational model, formulated to capture the behaviour of
a thin-walled I-section strut under axial compression, for the case where the strut is braced,
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and weak axis global buckling is prevented. The strut is then forced to buckle about the
strong axis and consequently, suffers from strong axis global buckling, interacting with local
flange and web plate buckling. An analytical model describing this behaviour is presented
in the most general form. Since buckling of the whole strut is considered, the general
model takes into account both cases, where either global strong axis buckling or local plate
buckling could be critical. Additionally, geometric, stress-relieved initial imperfections is
also included in the general form of the analytical model, as an initial out-of-straightness
deflection, as well as an initial local deflection in both the flanges and the web.
The analytical model is then separated into the two distinct linear eigenmodes. Firstly,
the strong axis global buckling load is determined by reducing the general form of the
variational model to a case where local buckling displacements are absent. Then by per-
forming linear eigenvalue analysis on the total potential energy, as previously conducted
in Chapter 3, the global buckling load can be determined explicitly. Following this, the
general form of the variational model is reduced to describe the buckling behaviour of the
strut for when local buckling only is present. The results from both analyses are validated
using identical struts constructed and analysed in the commercial finite element (FE) soft-
ware Abaqus . The global buckling loads are well predicted by both models, however, the
analytical model is calibrated using the FE model to achieve a good prediction of the local
buckling loads. Once the buckling loads of the distinct modes have been demonstrated
to be well predicted by the analytical model, further development of the fully interactive
model is considered in the subsequent chapters.
5.1 Analytical model
The analytical model for a system where interaction occurs between weak axis global and
local buckling was developed in Chapter 3. The strut shown in Fig. 3.1 is considered again,
this time assuming the weaker y-axis is braced against buckling. The strut is therefore
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forced to buckle globally about the stronger x-axis. The formulation of the analytical
model follows the same procedure as detailed in Chapter 3, and also begins by defining the
displacement functions for the global modes.
5.1.1 Global modes
The two global degrees of freedom were defined previously in Equations (3.1) and remain
unchanged for the current case, allowing for shear strains to be accounted in the model. Ad-
ditionally, to account for an initial, geometric, out-of-straightness imperfection, two more
functions are introduced, an initial global deflection W0(z) and a corresponding rotation
θ0(z). The deflection and rotation due to actual buckling of the strut are thus (W −W0)
and (θ − θ0) respectively. The global modes along with their associated imperfections are
shown in Fig. 5.1. Note that the direction of the displacement has changed from the pre-
W (z)
y
z
y
z
θ(z)
θ0(z)
(stress relieved)
W0(z)
(stress relieved)
Sway
Tilt
Strut in elevation
Figure 5.1: Global buckling modes, with (a) the sway component W (z) and (b) the tilt
component θ(z) shown about the global strong axis, along with their respective initial
geometric imperfections W0(z) and θ0(z). Note that the strut is shown in elevation.
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vious situation in Chapter 3, and the depicted strut is shown in elevation, as opposed to
that shown in Fig. 3.3, where the strut is shown in plan.
5.1.2 Local buckling modes
Previously in similar studies, the web has been modelled as thicker than the flange and
is therefore assumed to be unaffected by local buckling, thus remaining rigid throughout
post-buckling (Wadee & Bai, 2014). Chapter 3 explores the case where the cross-section
of the strut is of equal thickness throughout, therefore local buckling is present in both
the flanges and the web, which buckles in sympathy with the more slender flange. This
assumption is carried through into the current case and, presently, the inclusion of the
web is of paramount importance for modelling interactive behaviour. This is because it
provides the only significant source of terms in the governing equations that exhibit an
explicit interaction between the local and global instability modes, whereas since the strut
is assumed to be ‘thin-walled’, there are no significant through-thickness shear strains
developed within the flanges. There are up to six displacement functions that need to
be introduced to describe the local buckling behaviour of the strut fully, three in-plane
displacements as well as three out-of-plane displacements, for each flange and the web.
For the case where strong axis global buckling is critical, the in-plane displacement distri-
bution is assumed to be linear over the depth of the strut (i.e. the y-axis) and constant in
the x-axis in the more compressed flange. The less compressed flange is assumed to have
zero in-plane local displacement during post-buckling. This linear assumption is in keep-
ing with Timoshenko beam theory, as described in Chapter 3. However, if the local plate
buckling mode is critical, both flanges will have a non-zero in-plane displacement, as well
as both influencing the deflection of the web. The two flange displacements would also be
unequal when the secondary strong axis global buckling mode is triggered. Therefore, two
in-plane displacement functions need to be introduced to describe the two independently
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acting flanges, as well as an in-plane displacement function to describe the displacement
of the web. This is to cater for the possibility that either global or local buckling could be
critical. This differs from the derivation of the analytical model described in Chapter 3,
where the critical global buckling case only is considered. Thus, the three functions ufli
and uwl are defined as:
ufli(x, z) = ufi(z), uwl(y, z) = −
(y
h
)
uw1(z) +
(
1 +
y
h
)
uw2(z), (5.1)
for the two flanges and the web respectively, where the in-plane displacement of the web
is expressed as a summation of two parts. The subscripts i, being 1 or 2 currently, denote
the association of the displacement function with either the bottom flange (i = 1) or
the top flange (i = 2). When local buckling only is active, the strut can be assumed to
deflect symmetrically about the horizontal x-axis, during which the top and bottom flanges
have equal deflection in the z direction (i.e. ufl1 = ufl2, uw1 = uw2), thus the summation
expression for the in-plane deflection of the web uwl produces a constant function in y.
However, when the secondary global mode is subsequently triggered, the top flange begins
to become less compressed and the local deflection uw2 would begin to reduce; eventually,
the function uw2 would become zero, and the in-plane displacement reduces to a purely
linear function. This allows the strut to transition naturally from a locally buckled state
to an interactive mode, with the introduction of strong axis global buckling. For the
case where global buckling is critical, it is assumed that the local deflections in the less
compressed flange are never activated, thus all terms with subscript ‘2’ are automatically
equated to zero, reducing the system to two in-plane displacement functions. The in-plane
local buckling modes are shown in Fig. 5.2(a) for the case where local buckling is triggered
first, and in Fig. 5.3(a) for the case where strong axis global buckling is triggered first.
Note that both diagrams also include initial, stress-relieved geometric local imperfections,
denoted with a subscript 0 in all cases. These will be included in the general form of the
variational model, but will be defined and examined in detail in Chapter 7.
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uw1(z) + uw2(z)
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−wfl2
Figure 5.2: Local buckling modal components representing in-plane and out-of-plane dis-
placements for the flange and web, alongside out-of-plane local imperfections.
The out-of-plane displacement functions for both flanges and the web can be described by
the expressions:
wfli(x, z) = fi(x)wfi(z), wwl(y, z) = g1(y)ww1(z) + g2(y)ww2(z), (5.2)
where, similar to the in-plane displacements, subscript i = {1, 2} represents the association
of the function with the displacement of either the bottom or the top flange respectively.
Note that as before, all terms with subscript ‘2’ are assumed to vanish for cases where
strong axis global buckling is triggered. The functions fi(x) and gi(y) are selected such
that they satisfy the boundary conditions for each individual component, as well as giving
a good representation of the deflected shape of the component.
The flange can be modelled as being subject to an approximately uniform compression
across the entire breadth, particularly when only local buckling is triggered; this is also
a good approximation immediately after global buckling is triggered if global buckling is
critical. Therefore the flange can be modelled as a uniformly compressed rectangular plate
pinned along the centre-line, which has previously resulted in a linear mode shape (Bulson,
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Figure 5.3: In-plane and out-of-plane displacements for the flange and web describing the
local buckling modes, along with out-of-plane local imperfections, for the case where global
buckling is critical.
1970). The out-of-plane deflection shape of the flange is therefore written as:
fi(x) = (−1)
i
(
2x
b
)
, (5.3)
which satisfies the boundary conditions of the flange:
fi(x)|x=0 = 0, fi(x)|x=−b/2 = (−1)
i, fi(x)|x=b/2 = (−1)
(i+1), (5.4)
where i = {1, 2}, to give a normalized displacement of unity at the outstand of the flanges
on both sides.
Similar to the in-plane web displacement, the out-of-plane displacement of the web is de-
fined such that when local buckling only is present, (i.e. when ww1 = ww2), the summation
[g1(y) + g2(y)] gives a symmetric representation of the out-of-plane displacement shape of
the web shown in Fig. 5.2(c), as would be expected. However, when global buckling is
critical and ww2 = 0, the out-of-plane displacement begins to resemble the representation
in Fig. 5.3(c). By considering the latter case where global buckling is critical, the function
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for g1(y) can be found by considering the web to be defined using the general solution of
an Euler column before applying boundary conditions (Timoshenko & Gere, 1961):
g1(y) = C0 + C1
(πy
h
)
+ C2 sin
(πy
h
)
+ cos
(πy
h
)
. (5.5)
The expression needs to satisfy the boundary conditions of the web, as well as allowing a
normalized displacement of unity at the centre of the web where y = −h/2. For the case
where strong axis global buckling is triggered, the boundary conditions are:
i) g1(0) = 0, ii) g1(−h) = 0,
iii) g′1(0) = 0, iv) g1(−h/2) = 1. (5.6)
The expression for g1(y) can therefore be expressed thus:
g1(y) =
[π
2
+
πy
h
− sin
(πy
h
)
−
π
2
cos
(πy
h
)]
. (5.7)
This expression is the out-of-plane displacement of the web, which is influenced by the dis-
placed shape of the bottom flange, for the case where global buckling is critical. Therefore,
to achieve the web shape for the case where local buckling is critical, it may be assumed
that the top flange deflection is equal and opposite to the bottom flange and influences the
web in the same way. The expression for g1(y) can simply be mirrored about the neutral
axis to find an expression for g2(y), and the superposition of [g1(y) + g2(y)] should give a
symmetric deflected shape of the web, for the case where local buckling only is present.
The expression for g2(y) can therefore be expressed thus:
g2(y) =
[π
2
cos
(πy
h
)
−
π
2
−
πy
h
− sin
(πy
h
)]
. (5.8)
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The superposition of [g1(y) + g2(y)], gives the expression thus:
g1(y) + g2(y) = 2 sin
(πy
h
)
, (5.9)
a simple half-sine wave with a normalized displacement of 2 at y = −h/2, which describes
the out-of-plane displacement shape of the web shown in Fig. 5.2 satisfactorily. The suit-
ability of the two functions are checked by plotting the functions in Matlab (2010), shown
in Fig. 5.4 and it can be observed that a good approximation of the out-of-plane deflection
g1(y) g2(y) g1(y) + g2(y)
Figure 5.4: Plotted mode shapes for g1(y), g2(y) and their superposition, to give the out-
of-plane displacement functions for the web with sympathetic flange displacements.
of the web is achieved, for either case, whether global or local buckling is critical.
5.1.3 Model optimization
The concept of relating the displacements in the flange to the displacements in the web
were previously established in Chapter 3 and is again used presently to optimize the model,
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assuming that the flange–web connection is rigid and free to rotate as a rigid body. In this
case, both the top flange and the bottom flange contribute to the deflection of the web,
thus, by equating rotations at the flange–web joints (as previously presented in Chapter 3),
it can be stated that:
dwf1
dx
∣∣∣∣
x=0
=
dww
dy
∣∣∣∣
y=−h
= θb,
dwf2
dx
∣∣∣∣
x=0
=
dww
dy
∣∣∣∣
y=0
= θt, (5.10)
where θb and θt are the rotations at the bottom and top flange–web connection respectively;
the displacements and their corresponding rotations are shown in Fig. 5.5. It can therefore
θb
θt
θt
θt
θb
θb
θb
θb
θb
θt = 0
ww
wf1
wf1
ww
wf2 = 0
(a) (b)
wf1
wf1
wf2
wf2
Figure 5.5: Equating rotations at the flange–web connections for the case where (a) local
buckling is critical and (b) strong axis global buckling is critical.
be found that the relationship between the out-of-plane deflection in the flange and the
web is:
wwi(z) = κwfi(z), (5.11)
where κ = κ0 = −h/(πb) for the case where the flange–web connection is assumed to be free
to rotate as a rigid body. Note that the κ value is found to be equal for both the top and
bottom part of the strut cross-section. Currently, the derived κ0 value reflects full transfer
of the rotation from the flange to the web. However, if the joint is not fully rigid, |κ| < |κ0|,
since the web would deflect less in sympathy with the flange during post-buckling. Thus,
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the advantage of incorporating the parameter κ are two-fold in this case; the number of
functions to be solved are reduced by defining the functions w1 = wf1 = ww1/κ, w2 =
wf2 = ww2/κ and the parameter can be adjusted to model different rigidities of the flange–
web connection. Thus, in all following derivations, the parameter κ is implemented. Note
that, in a similar way, κ can also be applied to the local imperfections such that:
wwi0(z) = κwfi0(z), (5.12)
which, in turn, reduces the number of imperfection parameters to be varied. The in-plane
displacements of the flanges and the web can also be linked by applying continuity at
flange–web connections, i.e. the in-plane displacement of the flange at the junction must
be equal to the in-plane displacement of the web at the same junction. Thus the following
can be stated:
uw
∣∣
y=0
= uf2, uw
∣∣
y=−h
= uf1, (5.13)
for the top and bottom part of the cross-section respectively. The resulting relationship is:
u1 = uf1 = uw1, u2 = uf2 = uw2, (5.14)
which simplifies the formulation further.
5.2 General form of the total potential energy
The procedure for deriving the total potential energy is presented in Chapter 3, and an
identical method is used currently for the case of interaction between strong axis global
buckling and local buckling. Each component of the summation is presented currently in
the most general form, including all associated imperfections. These are simplified at a
later stage for each specific application. Firstly, the strain energy stored in bending UB
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due to global buckling about the strong axis is given by the expression:
UB = 2
∫ L
0
EIf
2
(
d2W
dz2
−
d2W0
dz2
)2
dz, (5.15)
where If = bt
3
f/12, and is the second moment of area of the flange about its local x-axis
with W and W0 being defined in Equation (3.1) and Fig. 5.1. Note that the global bending
energy has been multiplied by two to account for both top and bottom flanges. The local
bending energy contributions from the flange Ubf and from the web Ubw are determined by
the respective expressions:
Ubfi =
Df
2
∫ L
0
∫ b/2
−b/2
{(
∂2 (wfli − wfli0)
∂x2
+
∂2 (wfli − wfli0)
∂z2
)2
−2(1− ν)
[
∂2 (wfli − wfli0)
∂x2
∂2 (wfli − wfli0)
∂z2
−
(
∂2 (wfli − wfli0)
∂x∂z
)2]}
dx dz,
Ubw =
Dw
2
∫ L
0
∫ 0
−h
{(
∂2 (wwl − wwl0)
∂y2
+
∂2 (wwl − wwl0)
∂z2
)2
−2(1− ν)
[
∂2 (wwl − wwl0)
∂y2
∂2 (wwl − wwl0)
∂z2
−
(
∂2 (wwl − wwl0)
∂y∂z
)2]}
dy dz,
(5.16)
where i = {1, 2} for the bottom and the top flange respectively. The parameters Df and
Dw represent the flexural rigidities of the flange and web respectively, as defined previously
in Chapter 3. Note that initial local imperfections are also included in this formulation.
The membrane energy from direct strain in the flanges can be found from the expression:
Umǫf =
1
2
Etf
∫ L
0
∫ b/2
−b/2
(
ǫ2z1 + ǫ
2
z2
)
dx dz, (5.17)
where the direct strain components in the flanges is given by the expression:
ǫzi = (−1)
(i+1)h
2
(
θ˙ − θ˙0
)
−∆+
∂ufli
∂z
+
1
2
[(
∂wfli
∂z
)2
−
(
∂wfli0
∂z
)2]
. (5.18)
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The variable θ is the rotation relating to the tilt degree of freedom as defined earlier, which
is positive on the more compressed side of the strut and negative on the less compressed
side during post-buckling in the pure global mode. The parameter ∆ is the end-shortening
due to pure compression in the strut. The three additional terms are only present when
the considered flange is in compression, and are derived from von Ka´rma´n plate theory
(Timoshenko & Woinowsky-Krieger, 1959). It is also assumed that there is no initial local
in-plane imperfection in the system.
The direct strain contribution to the total potential energy from the web is defined by the
expression:
Umǫw =
1
2
Etw
∫ L
0
∫ 0
−h
ǫ2zw dy dz, (5.19)
where the direct strain in the web can be written thus:
ǫzw =
∂ut
∂z
−∆+
∂uwl
∂z
+
1
2
(
∂wwl
∂z
)2
−
1
2
(
∂wwl0
∂z
)2
. (5.20)
Here, ut = −(y+h/2)(θ− θ0), which gives the linear distribution of the tilt component for
the global buckling mode with a magnitude of zero at the neutral axis. The shear strain
energy contribution from the flanges is defined:
Umγf =
1
2
Gtf
∫ L
0
∫ b/2
−b/2
(
γ2xz1 + γ
2
xz2
)
dx dz, (5.21)
where the general flange shear strain term γxzi is:
γxzi =
∂ufli
∂x
+
∂wfli
∂z
∂wfli
∂x
−
∂wfli0
∂z
∂wfli0
∂x
. (5.22)
This expression can be simplified by noting that the flange in-plane displacement ufli is
uniform in x and hence the first term is zero. The potential energy contribution due to
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shear strain in the web is given by the expression:
Umγw =
1
2
Gtw
∫ L
0
∫ 0
−h
γ2yz dy dz, (5.23)
where the shear strain in the web γyz is defined:
γyz =
∂ (W −W0)
∂z
− (θ − θ0) +
∂uwl
∂y
+
∂wwl
∂y
∂wwl
∂z
−
∂wwl0
∂y
∂wwl0
∂z
. (5.24)
Note that in Equation (5.22) the first two terms that appear in Equation (5.24) are omitted
from the shear strain expression for the flange since the difference between the qs and qt
terms is very small in the flange because it is thin.
The work done by the load term contributing to the total potential energy is expressed
as the load P multiplied by the distance moved by the load in the same direction and is
written as:
PE = P
∫ L
0
[
q2sπ
2
2
cos2
(πz
L
)
−
1
2
(u˙w1 + u˙w2) + ∆
]
dz. (5.25)
The individual components presented in Equations (5.15)–(5.25) can be accumulated to
give the total potential energy in its most general form thus:
V = UB+Ubf1+Ubf2+Ubw+Umǫf1+Umǫf2+Umǫw+Umγf1+Umγf2+Umγw−PE . (5.26)
However the expressions will be simplified and reduced at different stages within the thesis,
as they relate to more specific cases.
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5.3 Distinct modes
5.3.1 Global buckling load
The global buckling load for the perfect strut with no initial imperfections can be found by
substituting the global buckling mode expressions W and θ into Equations (5.15)–(5.25).
All local buckling terms (w and u) as well as initial imperfections (all terms with subscript
‘0’) are set to zero for the case where global buckling only is triggered in a perfect strut.
The total potential energy VG can therefore be written as:
VG =
∫ 2
0
{
Eπ4
48L
[
24Ifq
2
s + 6tfbh
2q2t + twh
3q2t
]
sin2
(
πz˜
2
)
+
EL
4
[
2tfb+ twh
]
∆2
+
GtwL
4
h(qs − qt)
2π2 cos2
(
πz˜
2
)
−
PL
4
[
π2q2s cos
2
(
πz˜
2
)
+ 2∆
]}
dz˜. (5.27)
Note that VG has been non-dimensionalized with respect to the strut half-length, as de-
scribed in Chapter 3. Linear eigenvalue analysis is used to determine the analytical ex-
pression for the global strong axis buckling load of the perfect strut. The Hessian matrix
Vij, evaluated on the fundamental path F is given by:
VFij =

 ∂
2V
∂q2s
∣∣∣F ∂2V∂qs∂qt
∣∣∣F
∂2V
∂qt∂qs
∣∣∣F ∂2V∂q2t
∣∣∣F

 , (5.28)
and is singular at the global critical load PCo . The individual expressions in the matrix can
be found thus:
∂2VG
∂q2s
=
∫ 2
0
[
Eπ4If sin
2
(
πz˜
2
)
+
GtwhLπ
2
2
cos2
(
πz˜
2
)
−
PLπ2
2
cos2
(
πz˜
2
)]
dz˜, (5.29)
∂2VG
∂q2t
=
∫ 2
0
[
Eπ4h2
24L
(6tfb+ twh) sin
2
(
πz˜
2
)
+
GtwhLπ
2
2
cos2
(
πz˜
2
)]
dz˜, (5.30)
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∂2VG
∂qs∂qt
=
∫ 2
0
−
GtwhLπ
2
4
cos2
(
πz˜
2
)
dz˜. (5.31)
Note that: ∫ 2
0
sin2
(
πz˜
2
)
dz˜ =
∫ 2
0
cos2
(
πz˜
2
)
dz˜ = 1. (5.32)
The resulting expression can then be rearranged to give the critical global load, which can
be written thus:
PCo =
2EIfπ
2
L2
+
G(twh+ 6tfb)
1 + 6tfb/(twh) + 12GL2/(Eπ2h2)
. (5.33)
Note that similar to the global buckling load presented in Equation (3.43), the expression
is a summation of two parts, where the second part represents the shear strain contribution
to the global buckling load. If shear strains are assumed to be zero, as in Euler–Bernoulli
beam theory (i.e. G→∞) this expression would also reduce to the classical Euler buckling
load PE = π
2EI/L2 where I is the second moment of area of the strut about the global
strong axis.
Note that the generalized coordinate ∆ is not included in the Hessian matrix and can be
eliminated as a passive coordinate (Hunt et al., 1988). When minimizing the total potential
energy VL with respect to ∆, the expression for the end shortening of the strut is found
from the equilibrium relationship:
∂V
∂∆
= 0,
∆−
P
E(2tfb+ twh)
= 0, (5.34)
thus,
∆ =
P
EA
, (5.35)
where A is the cross-sectional area of the strut. This can then be substituted into the
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total potential energy VG, thus eliminating ∆ and reducing the generalized coordinates to
qs and qt only.
5.3.2 Local buckling load
The total potential energy for the case where local buckling only is present in a perfect
strut is formulated to find the local buckling load of the strut. For this case, the following
assumptions can be made:
• All initial imperfections (i.e. terms with subscript ‘0’) are set to zero.
• The deformation profile of the strut is symmetric about the strong axis, i.e. wf1 =
wf2, ww1 = ww2, uf1 = uf2 and uw1 = uw2.
The total potential energy is also non-dimensionalized with respect to the strut half-length,
as previously explained in Chapter 3, for the case where weak axis global buckling is critical.
This assumption is also acceptable in the current case, where local buckling is critical, under
the condition that the strut length L is much larger than the flange outstand width b/2
(Wadee & Yiatros, 2010), hence the critical loads for the symmetric and antisymmetric
modes are sufficiently close in the plate. Therefore, using Equations (5.15)–(5.25) and
substituting the expressions for the global and local buckling modes as derived in §5.1.1
and §5.1.2, the total potential energy for the case where local buckling only is present can
be determined thus:
VL =
∫ 2
0
{
1
32L
{
32
[
Df ({f
2
1 + f
2
2}x) +Dwκ
2({g21 + 2g1g2 + g
2
2}y)
]
˜¨w2
+ L4
[
2Df ({f
′′2
1 + f
′′2
2 }x) +Dwκ
2({2g′′21 + g
′′
1g
′′
2 + 2g
′′2
2 }y)
]
w˜2
+ 16L2(1− ν)
[
Df ({f
′2
1 + f
′2
2 }x) +Dwκ
2({g′21 + 2g
′
1g
′
2 + g
′2
2 }y)
]
˜˙w2
+ 16νL2
[
Df ({f
′′
1 f1 + f
′′
2 f2}x) + 8Dwκ
2({g′′1g1 + g
′′
2g2 + g
′′
1g2 + g1g
′′
2}y)
]
w˜ ˜¨w
}
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+
EL
16
{
4(2tfb+ twh)(∆− ˜˙u)
2 − 4
[
tf ({f
2
1 + f
2
2}x) + twκ
2({g21 + g
2
2}y)
]
∆ ˜˙w2
+ 4
[
tf ({f
2
1 + f
2
2}x) + twκ
2({g21 + g
2
2}y)
]
˜˙u ˜˙w2
+
[
tf ({f
4
1 + f
4
2}x) + twκ
4({g41 + 2g
2
1g
2
2 + g
4
2}y)
]
˜˙w4
}
+
GL3
16
{
tf ({f
′2
1 f
2
1 + f
′2
2 f
2
2}x)
+ twκ
4({g′21 g
2
1 + 2g
′
1g1g
′
2g2 + g
′2
2 g
2
2}y)
}
˜˙w2w˜2 −
PL
2
(
∆− ˜˙u
)}
dz˜. (5.36)
The braces with subscripts x and y have been previously introduced in Equation (3.16).
Here, the definition for braces with the subscript y remain unchanged, however, for braces
with the subscript x, the limits of the integrals are updated to x = [−b/2, b/2]. An example
is given thus:
{f ′′1 f1}x =
∫ b/2
−b/2
{[
d2
dx2
f1(x)
]
f1(x)
}
dx, {g′′2g2}y =
∫ 0
−h
{[
d2
dy2
g2(y)
]
g2(y)
}
dy.
(5.37)
Note that the relationship κ between wf and ww as defined in §5.1.3 has been imple-
mented. The integrations are performed in the commercial computer algebra software
Maple (Monagan et al., 2005) and are presented in full in Appendix B.
The calculus of variations, the procedure of which is previously explained in §3.3, is per-
formed on the total potential energy to obtain the governing equations of equilibrium for
the case where local buckling only is present. The first variation of VL can be found thus
after integrating by parts:
δVL =
{[
DfL
4
(
8
L2
({f 21}x + {f
2
2}x) ˜¨w + 2ν({f
′′
1 f1}x + {f
′′
2 f2}x)w˜
)
+
DwLκ
2
4
(
8
L2
({g21}y
+{g22}y) ˜¨w +
16
L2
{g1g2}y ˜¨w + 2ν({g
′′
1g1}y + {g
′′
2g2}y + {g
′′
1g2}y + {g1g
′′
2}y)w˜
)]
δ ˜˙w
}2
0
+
{[
DfL
(
(1− ν)({f ′21 }x + {f
′2
2 }x) ˜˙w −
2
L2
({f 21}x + {f
2
2}x)
.˜..
w
−
ν
2
({f ′′1 f1}x + {f
′′
2 f2}x) ˜˙w
)
+DwLκ
2
(
(1− ν)({g′21 }y + {g
′2
2 }y + 2{g
′
1g
′
2}y) ˜˙w
−
2
L2
({g21}y + {g
2
2}y + 2{g1g2}y)
.˜..
w −
ν
2
({g′′1g1}y + {g
′′
2g2}y + {g
′′
1g2}y + g1g
′′
2) ˜˙w
)
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+
EtfL
4
(
2(˜˙u−∆)({f 21}x + {f
2
2}x) ˜˙w + ({f
4
1}x + {f
4
2}x) ˜˙w
3
)
+
EtwLκ
2
4
(
κ2({g41}y + {g
4
2}y + 2{g
2
1g
2
2}y) ˜˙w
3 + 2({g21}y + {g
2
2}y)(˜˙u−∆
2) ˜˙w
)
+
GtfL
3
8
(
{f ′21 f
2
1}x + {f
′2
2 f
2
2}x
)
˜˙ww˜2 +
GtwL
3κ4
8
(
{g′21 g
2
1}y + {g
′2
2 g
2
2}y
+2{g′1g1g
′
2g2}y) w˜
2 ˜˙w
]
δw˜
}2
0
+
{[
EtfL
(
b˜˙u+
1
4
({f 21}x + {f
2
2}x) ˜˙w
2 − b∆
)
+
EtwL
2
(
h˜˙u−∆h+
κ2
2
({g21}y
+{g22}y) ˜˙w
2
)
+
PL
2
]
δu˜
}2
0
+
∫ 2
0
{[
DfL
(
2
L2
({f 21}x + {f
2
2}x) ˜
....
w + ν({f ′′1 f1}x + {f
′′
2 f2}x) ˜¨w
−(1− ν)({f ′21 }x + {f
′2
2 }x) ˜¨w +
L2
8
({f ′′21 }x + {f
′′2
2 }x)w˜
)
+DwLκ
2
(
2
L2
({g21}y + {g
2
2}y + 2{g1g2}y) ˜
....
w + ν({g′′1g1}y + {g
′′
2g2}y + {g
′′
1g2}y
+{g1g
′′
2}y) ˜¨w − (1− ν)({g
2
1}y + {g
2
2}y + 2{g
′
1g
′
2}y) ˜¨w +
L2
8
({g′′21 }y + {g
′′2
2 }y
+
1
2
{g′′1g
′′
2}y)w˜
)
−
EtfL
4
(
2({f 21}x + {f
2
2}x)(˜˙u ˜¨w + ˜¨u ˜˙w) + 3({f
4
1}x + {f
4
2}x) ˜˙w
2 ˜¨w
−2∆({f 21}x + {f
2
2}x) ˜¨w
)
−
EtwLκ
2
4
(
3κ2({g41}y + {g
4
2}y + 2{g
2
1g
2
2}y) ˜˙w
2 ˜¨w
−2∆2({g21}y + {g
2
2}y) ˜¨w + 2({g
2
1}y + {g
2
2}y)(˜¨u ˜˙w + ˜˙u ˜¨w)
)
−
GtfL
3
8
({f ′21 f
2
1}x + {f
′2
2 f
2
2}x)( ˜¨ww˜ + ˜˙w
2w˜)−
GtwL
8
(
{g′21 g
2
1}y + {g
′2
2 g
2
2}y
+2{g′1g1g
′
2g2}y) ( ˜¨w
2w˜2 + ˜˙w2w˜)
]
δw˜
−
[
EtfL
(
b˜¨u+
1
2
({f 21}x + {f
2
2}x) ˜˙w ˜¨w
)
+
EtwL
2
(
h˜¨u+ κ2({g21}y
+{g22}y) ˜˙w ˜¨w
) ]
δu˜
}
dz˜ (5.38)
The first variation must vanish with all small changes of w˜ and u˜; the Euler–Lagrange
equations for w˜ and u˜, are found thus, in the form of a fourth order and second order
nonlinear ODE respectively:
˜....w +
L2
2η
{
16ν
[
Df ({f
′′
1 f1 + f
′′
2 f2}x) +Dwκ
2({g′′1g1 + g
′′
2g2 + g
′′
1g2 + g1g
′′
2}y)
]
˜¨w
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− 16(1− ν)
[
Df ({f
′2
1 + f
′2
2 }x) +Dwκ
2({g′21 + g
′2
2 + 2g
′
1g
′
2}y)
]
˜¨w
+ L2
[
2Df ({f
′′2
1 + f
′′2
2 }x) +Dwκ
2({2g′′21 + 2g
′′2
2 + g
′′
1g
′′
2}y)
]
w˜
}
−
2EL2
η
{
2
[
tf ({f
2
1 + f
2
2}x) + twκ
2({g21 + g
2
2}y)
]
(˜˙u ˜¨w + ˜¨u ˜˙w) + 3
[
tf ({f
4
1 + f
4
2}x)
+ twκ
4({g41 + 2g
2
1g
2
2 + g
4
2}y)
]
˜˙w2 ˜¨w − 2
[
tf ({f
2
1 + f
2
2}x) + twκ
2({g21 + g
2
2}y)
]
∆ ˜¨w
}
−
GL4
η
{tf ({f
′2
1 f
2
1 + f
′2
2 f
2
2}x) + twκ
4({g′21 g
2
1 + 2g
′
1g1g
′
2g2 + g
′2
2 g
2
2}y)}( ˜¨ww˜
2 + ˜˙w2w˜) = 0,
(5.39)
˜¨u+
˜˙w ˜¨w
A
[
tf ({f
2
1 + f
2
2}x) + twκ
2({g21 + g
2
2}y)
]
= 0, (5.40)
where the quantities A and η are defined:
A = 2btf + htw, η = 16[Df ({f
2
1 + f
2
2}x) +Dwκ
2({g21 + 2g1g2 + g
2
2}y)], (5.41)
in which A represents the total cross-sectional area of the strut and η represents the relative
bending and axial stiffnesses of the flange and the web. The total potential energy V is also
minimized with respect to the generalized coordinate ∆, resulting in the integral equation:
∫ 2
0
{
˜˙u+
[
tf ({f
2
1 + f
2
2}x) + twκ
2({g21 + g
2
2}y)
] ˜˙w2
2A
−∆+
P
EA
}
dz˜ = 0. (5.42)
Boundary conditions for w˜ and u˜ are also defined in order to find solutions for the set
of equations above. The strut is assumed to be simply supported at z˜ = 0 and have to
symmetry conditions about the mid-span, at z˜ = 1. The boundary conditions can be
written thus:
w˜(0) = ˜¨w(0) = ˜˙w(1) =
.˜..
w(1) = u˜(1) = 0. (5.43)
An additional end condition is also imposed at the point of loading, where z˜ = 0, to match
the in-plane strain:
˜˙u+
[
tf
(
{f 21 + f
2
2}x
)
+ twκ
2
(
{g21 + g
2
2}y
)] ˜˙w2
2A
−∆+
P
EA
= 0, (5.44)
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the expression arising naturally from equating the first variation of V term outside the
integral that is multiplied by δu in Equation (5.38) to zero.
5.4 Buckling loads: Numerical examples
The global and local buckling loads for an axially loaded I-section strut can now be found
in closed form using Equation (5.33) for the global buckling mode, and numerically from
Equations (5.39)–(5.44) for the local buckling mode. The cross-sectional geometry selected
for the current numerical study is presented in Table 5.1. The cross-section is of uniform
Table 5.1: Geometric and material properties of the strut.
Young’s Modulus E 210000N/mm2
Poisson’s Ratio ν 0.3
Flange breadth b 90mm
Flange thickness tf 2.4mm
Web thickness tw 2.4mm
Web height h 100mm
thickness throughout, to allow for simultaneous flange and web buckling in the local buck-
ling mode. Note that the geometries have changed slightly from the previous study in
Chapter 3, to allow the local and global buckling loads to be reasonably close; the strong
axis global buckling load would have increased significantly from the weak axis global buck-
ling load found in Chapter 3, thus the cross-section is duly modified to increase the local
buckling load.
Strut lengths ranging from 2000mm to 3000mm are selected for the numerical examples.
All lengths ensure that local buckling remains critical, which is essential for the imple-
mentation of the analytical model derived in the previous section, for the case where local
buckling only is present. The global buckling load can be found by simply substituting
the appropriate material and geometric properties in Equation (5.33). However, the lo-
CHAPTER 5. STRONG AXIS GLOBAL BUCKLING MODEL: DISTINCT MODES 135
cal buckling load is obtained by solving Equations (5.39)–(5.44) in the continuation and
bifurcation software Auto-07p (Doedel & Oldeman, 2011), as previously introduced in
Chapter 3.
5.4.1 Solution strategy
The local buckling loads are found using Auto-07p to solve the equations numerically;
the program is set up with the primary varying parameter as the normalized load, which is
initialized at p = 0. A series of bifurcation points are found, as shown in Fig. 5.6(a). The
wmax
p
C
p
C
(a) (b)
Bifurcation points
wmax
Run 1
Run 2 (branch switched)
Figure 5.6: Solution strategy in Auto-07p for the case where local buckling only is present.
first bifurcation point is of interest in this current study, labelled C, which is where the
local buckling load is located. The branch switching function in Auto-07p is then utilized
and the solution is continued from this first bifurcation point, again with the load p as the
principal varying parameter. In this way, the post-buckling path for the strut undergoing
local buckling only is found, as shown in Fig. 5.6(b). The post-buckling path is used here
as a check to verify that the bifurcation point found is physically representing the local
buckling load of the strut. Note that there is no secondary bifurcation point shown since
interaction with the global buckling mode is deliberately neglected in the current case.
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5.4.2 Buckling load solutions
The global and local buckling loads for a selection of lengths are found for a strut with cross-
sectional and material properties as listed in Table 5.1, assuming a flange–web connection
that is free to rotate as a rigid body (i.e. κ = −h/(πb)). The results are shown in Table 5.2.
It can be seen that the global buckling load increases as the length of the strut is reduced,
Table 5.2: Global and local buckling loads for a strut of varying lengths, as well as the
ratio between the two buckling loads.
Length L [mm] PCo × 10
5 [N] PCl × 10
5 [N] pCl = P
C
l /P
C
o
2000 6.410 2.646 0.413
2300 4.889 2.645 0.541
2500 4.154 2.646 0.627
2750 3.446 2.646 0.768
3000 2.904 2.646 0.911
as expected. For each strut length, the local buckling load is lower than the global buckling
load, indicating that local buckling is indeed critical for all the selected struts. The local
buckling load of the flange for a long strut can be calculated by the expression:
PCl =
kpπ
2EA
12(1− ν2)(B/tf )2
, (5.45)
where A is the cross-sectional area of the I-section strut, B is the width of one half flange
only and kp is the plate buckling coefficient for a rectangular simply supported long plate
that is dependent upon the support conditions of the two unloaded edges (Bulson, 1970).
The vulnerable flange plates of all struts under consideration can be approximated as ‘long’
owing to a very high length to width ratio and it can be seen that the local buckling load
for long plates is invariant with L, which agrees with Table 5.2, where the local buckling
load for all lengths of strut are approximately equal, at 265 kN. Using this value for
the local buckling load, it can be deduced that for a flange–web connection that is free
to rotate as a rigid body with the outstand being completely free, the kp value can be
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determined as 0.72, which is stiffer than a completely pinned connection, where kp = 0.43,
but considerably less stiff when compared to a rigid connection, where kp = 1.25 (Bulson,
1970). Note that although the height of the web is more than double the width of the
flange, the flange remains the governing component of local instability in the cross-section.
The web is supported at two edges as opposed to the flange with one free edge, giving kp a
minimum value of 4.00. This leads to a local buckling load of at least 437 kN for the web,
a much lower value than the local buckling load of the cross-section.
Since the global buckling load reduces with increasing length and the local buckling load
remains constant, the two loads become closer to each other as the strut length increases,
with a difference of less than 10% for a strut length of 3000mm. Thus it can be deduced
that interactive buckling is likely to be observed in this region; this will be investigated
further in later chapters.
5.5 FE modelling and validation
A strut of identical material and geometric properties is constructed in the commercial
FE package Abaqus to validate the buckling loads found using the analytical model. A
separate model is created for each length of strut and the same methodology is used as
detailed in Chapter 4. Again, S4R elements are used and the flange–web connection is
tied together using the ‘No Rotation’ constraint, to ensure a joint that is free to rotate
as a rigid body. Note that for all of the struts except one, the same mesh size of 5mm
in the transverse direction and 10mm in the longitudinal direction was used. However
for the strut length of 2750mm, it was necessary to change the longitudinal mesh size to
5mm to ensure that the number of elements used in the strut half-length was an integer.
However, this has previously been shown from the sensitivity study in Chapter 4 to have
no significant effect on the accuracy of the results.
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Linear eigenvalue analysis is used to find the buckling modes and their associated loads in
Abaqus for each length of strut. The results, along with their difference from the numerical
solutions calculated using the analytical model are shown in Table 5.3. It is observed that
Table 5.3: Global and local buckling loads found using FE analysis in the commercial
software abaqus, along with percentage differences from numerical results calculated using
the analytical model.
Length L [mm] PCo × 10
5 [N] % Difference PCl × 10
5 [N] % Difference
2000 6.520 1.7 2.258 17
2300 4.966 1.6 2.256 17
2500 4.217 1.5 2.256 17
2750 3.503 1.6 2.255 17
3000 2.941 1.3 2.254 17
the global buckling load matches well in both the analytical and FE solutions, with a
percentage difference of less than 2% for all strut lengths. However, the local buckling
load is less well predicted, and it can be seen that the percentage difference between the
analytical and FE models is consistent, with the analytical model always over predicting
the local buckling capacity of the strut.
The over prediction of the local buckling load by the analytical model can arise from
several factors, for example, it could be that the prescribed out-of-plane mode shapes for
the flanges and the web are oversimplified, therefore forcing a stiffer response. However,
this may be mitigated somewhat with the parameter κ, which determines the nature of
the flange–web connection. Currently, the analytical model assumes the connection is free
to rotate as a rigid body. However, it appears the local buckling capacity found using FE
analysis is considerably lower, indicating that the combination of the prescribed function
and κ = κ0 in the analytical model overestimates the overall capacity of the cross-section.
Thus, the parameter κ is modified to reflect this finding, and allows the analytical model
to be calibrated such that the prediction of the local buckling load matches that from the
FE analysis.
CHAPTER 5. STRONG AXIS GLOBAL BUCKLING MODEL: DISTINCT MODES 139
5.6 Calibration of the local buckling load
To adjust the stiffness of the flange–web connection in the analytical model, the parameter
κ can be varied parametrically in the continuation and bifurcation software Auto-07p.
The parameter needs to be decreased, if the flange–web joint is less stiff since the web
deflects less in sympathy with the flange, leading to a lower κ value; this in turn decreases
the local buckling load. The local buckling load is then found for each strut length, and
κ is adjusted until the critical load matches that found using the FE model introduced in
§5.5.
It is found that the best match between the analytical and FE models are observed when
the κ value is decreased by 35%, i.e. :
κ = κc = 0.65κ0 = −0.65
h
πb
. (5.46)
The local buckling load found with the calibrated κ value is plotted in Fig. 5.7, alongside
the local buckling load found by the analytical model assuming κ = κ0, as well as the
results from the FE analysis. It is observed that the calibrated value of κc gives a local
buckling load that matches the FE analysis. It can therefore be said that the actual flange–
web connection as modelled analytically, does not act as a fully rigid body. Indeed, when
considering the local buckling load found using the analytical model for the case where
κ = κc, the plate buckling coefficient k is found to be 0.62 using Equation (5.45). This
reduces the local buckling load PCl by approximately 17% from the fully rigid model, and
indicates a flange–web connection that is closer to the pinned condition of k = 0.43. Both
the fully rigid value (κ = κ0), as well as the calibrated value (κ = κc) will be carried
through to further work in the thesis, but it is postulated that the calibrated value will
give superior results when validation studies are conducted for the nonlinear models.
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Figure 5.7: Critical loads of the local buckling mode for a range of strut lengths, with
analytical results denoted using circles for κ = κ0 and squares for κ = κc. FE results are
denoted with crosses.
5.7 Concluding remarks
A nonlinear analytical model has been formulated from variational principles to investigate
the interaction between strong axis global and local plate buckling in an I-section strut, with
initial geometric and stress-relieved imperfections. The formulation has been presented in
the most general form in the current chapter.
This formulation is then used to find the analytical solutions for the strong axis global
buckling load and the local plate buckling load. Linear eigenvalue analysis is used to
find an explicit expression for the global buckling mode, which is solved for a range of
strut lengths. To find the local buckling load, the full formulation is simplified to describe
a system where local buckling only is present. The resulting equations are then solved
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numerically in the continuation and bifurcation software Auto-07p for a range of lengths
to find the local buckling load. It was found, as expected, that the global buckling load
increases as the strut length is reduced, whereas the local buckling load is invariant with
length.
A set of identical struts are also constructed in the commercial FE software Abaqus for
validation purposes. A separate model is created for each strut length and linear eigen-
value analysis is conducted for each to find the strong axis global and local plate buckling
modes and the corresponding buckling loads. It was found that the global buckling load
matched the analytical model very well, with all results having less than 2% difference.
The local buckling load was less well matched, however, and the reason can be attributed
to an overestimation of the overall rigidity of the flange–web connection together with the
approximations used to model the flanges and the web in the analytical model. Thus, the
parameter κ, which was introduced to model the rigidity of this connection, is calibrated
using the results from the FE model, until an identical local buckling load is found using
both methods. The following chapter presents an investigation where the I-section strut
experiences global–local mode interaction. Both the rigid and calibrated flange–web con-
nections will be carried forward; it is postulated that the calibrated connection will give
superior results in the nonlinear range when validation against FE is performed.
Chapter 6
Strong axis global and local buckling
interaction
An analytical model for the case where strong axis global buckling interacts with local plate
buckling was presented in Chapter 5, in the most general form. The strong axis global
buckling load was subsequently identified and calculated. Additionally, the local buckling
mode was isolated using a simplified version of the general analytical model, assuming a
flange–web connection that was free to rotate as a rigid body; the associated buckling load
was then calculated by solving the reduced set of equilibrium equations numerically using
the continuation and bifurcation software Auto-07p (2011). An identical set of struts was
then constructed and analysed in the commercial finite element (FE) software Abaqus for
validation. Linear eigenvalue analysis showed an excellent match with the strong axis global
buckling load. However, it was observed that the local buckling load is over-predicted by
the analytical model. The parameter κ, defining the stiffness of the flange–web connection,
was calibrated using the FE model such that a better match for the local buckling load
could be achieved analytically. Effectively, a less stiff flange–web connection was found to
give identical results for the local buckling load when the analytical model was compared
to the FE model.
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The general form of the analytical model formulated in Chapter 5 is therefore now able
to predict the strong axis global buckling load confidently as well as the local buckling
load when they are acting separately, thus the current chapter continues to investigate the
case where the two buckling modes interact. This is observed in practice when the global
and local buckling modes are sufficiently close, thus both can be triggered in the post-
buckling range of a compression strut before any plasticity develops in the structure. When
both modes of buckling are active, the interactive post-buckling response can introduce
significantly less stable behaviour than if either mode were to be triggered independently,
potentially reducing the load carrying capacity considerably. It is therefore essential that
understanding of this behaviour is continually developed as the results can be complex and
potentially dangerous, particularly with the modern trend of using higher strength steels
(Miki et al., 2002; Bjorhovde, 2004), highlighting the importance of understanding elastic
behaviour.
The current chapter focuses on the perfect case, where the weak axis of buckling is re-
strained and strong axis global buckling is critical, followed by an interaction with local
plate buckling. An analytical model is formulated using a simplified version of the gen-
eral form derived previously in Chapter 5. Subsequent equilibrium equations are found
and solved numerically in the continuation and bifurcation software Auto-07p using a
suitable strut geometry. When considering the flange–web joint, the focus will be on the
calibrated case (κ = κc). Since this gives an improved estimation of the local buckling load,
it is anticipated that it would also give a better comparison for the interactive case when
validated using the FE model. However, the fully rigid flange–web connection (κ = κ0)
will also be considered briefly for comparison and verification.
A strut with identical material and geometric properties is constructed using Abaqus for
validation purposes. It is found for the selected geometries that strong axis global buckling
is triggered as the initial eigenmode, resulting in a neutrally stable path. This is sub-
sequently destabilized at a secondary bifurcation point where local buckling in the more
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compressed flange is also triggered. Since the flange–web connection is modelled with some
stiffness, sympathetic local buckling is also triggered in the web. A nonlinear, interactive
post-buckling path is found, which is similar behaviour to that observed in previous work
(Schafer, 2002; Wadee & Gardner, 2012; Wadee & Farsi, 2014), as well as in Chapter 3
of the current thesis, for the case where weak axis global buckling interacts with local
plate buckling. The analytical model also shows an excellent comparison with the FE
model, particularly in the neighbourhood of the secondary bifurcation. As predicted, the
calibrated flange–web connection gives a superior comparison with the FE model than the
case where full rotational transfer is assumed. With the development of the fully interac-
tive model for a perfect strut, further investigation on the imperfection sensitivity of the
strut as well as the effects of changing geometry can be considered subsequently.
6.1 Analytical model
The general form of the analytical model derived in Chapter 5 can be simplified and applied
to the current case, where strong axis global buckling is critical, interacting with local plate
buckling at a later stage in the post-buckling path. Equations (5.15)–(5.26) are used to
formulate the total potential energy, with the following assumptions being made.
• For the perfect case, it can be assumed that all terms associated with an initial
geometric imperfection are equal to zero. Thus, all terms in Equations (5.15)–(5.26)
with subscript ‘zero’ vanish.
• When strong axis global buckling is assumed to be critical, one flange will always
be in more compression and the other in less compression. It is assumed that the
less compressed flange undergoes no local displacements during the post-buckling
process. Figure 5.3 showed a diagrammatic representation of the local displacements
for the case where strong axis global buckling is critical. In Equations (5.15)–(5.26),
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it can therefore be assumed that all terms associated with the less compressed flange
(i.e. with subscript ‘2’) are equal to zero. The remaining terms with subscript ‘1’
can therefore be simplified, where w1 = w and u1 = u. Additionally, for further
simplification it can also be said that the functions f1(x) = f(x) and g1(y) = g(y).
The general form of the total potential energy can therefore be simplified to represent the
behaviour of a perfect strut, where strong axis global buckling is critical, followed by the
interaction with local plate buckling in both the more compressed flange and the web.
6.1.1 The total potential energy
Using the assumptions previously defined, the total potential energy can be written as:
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Note that, similar to the total potential energy expressions presented in Equations (3.29),
(5.27) and (5.36), the expression has been non-dimensionalized with respect to the strut
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half-length. This is a reasonable assumption for long struts where global buckling is critical,
as explained earlier. The braces with subscripts x and y denote definite integration of the
function within the braces between the limits x = [−b/2, b/2] and y = [−h, 0] respectively.
The expressions are presented in full in Appendix B.
6.1.2 Equilibrium equations
The calculus of variations procedure, presented in §3.3 is performed on the total potential
energy and the governing equations of equilibrium are obtained for the perfect strut with
the strong axis global buckling mode being critical. The Euler–Lagrange equations for w˜
(a fourth order nonlinear ODE) and u˜ (a second order nonlinear ODE), which describe the
equilibrium states are found thus:
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where the parameters η and ζ are defined:
η = 16
[
Df{f
2}x +Dwκ
2{g2}y
]
, ζ =
(
2tfb+
2
3
twh
)
. (6.4)
Again, the terms in braces represent definite integration of the functions with respect to
the subscript variable between the limits defined earlier. The total potential energy V is
also minimized with respect to the generalized coordinates qs, qt and ∆, resulting in three
integral equations. In non-dimensional form they are written as:
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and A = (2tfb + twh) is the cross-sectional area of the strut. Boundary conditions for w˜
and u˜ are also defined to find solutions for the set of equations above. The strut is assumed
to have pinned end support conditions at z˜ = 0 and have reflective symmetry about the
mid-span at z˜ = 1. The boundary conditions can be written thus:
w˜(0) = ˜¨w(0) = ˜˙w(1) =
.˜..
w(1) = u˜(1) = 0. (6.8)
CHAPTER 6. STRONG AXIS GLOBAL AND LOCAL BUCKLING INTERACTION 148
An additional end condition is also imposed at the point of loading, to match the in-plane
strain:
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All boundary conditions arise naturally from minimizing V (Hunt & Wadee, 1998). The
strong axis global buckling load was previously given in Equation (5.33) and remains
unchanged, since the global buckling load is unaffected by the terms for local buckling or
mode interaction in the total potential energy.
6.2 Numerical results
An example of the numerical solution to the governing equations is presented here. The
geometric and material properties of the strut from Table 5.1 are used. The strut length
is 4000mm and the geometries ensure that strong axis global buckling is critical and the
local buckling load is sufficiently close such that mode interaction is observed within the
elastic range.
Using the above geometries, the global buckling load can be calculated from the expression
given in Equation (5.33) to be 164.4 kN. As previously stated in §5.4.2, the local buckling
load of the strut is length invariant for ‘long’ struts. Hence, with the same cross-sectional
properties as the struts analysed in Chapter 5, the local buckling load can be said to be
225.8 kN, calculated in Chapter 5 for the strut with the calibrated flange–web connection
parameter κ = κc.
The equations are solved using the continuation and bifurcation software Auto-07p with
a similar solution strategy to that detailed in §3.5.1, where the weak axis global buckling
was critical. Figure 3.8 gives a diagrammatic representation of the solution strategy. When
strong axis global buckling is active solely, the initial, neutrally stable path is found by
varying the generalized coordinate qs. At the secondary bifurcation point, the branch
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switching function is utilized in Auto-07p to find the interactive post-buckling path,
where local plate buckling is also triggered. The following results are all output by Auto-
07p in a numerical format and are processed and presented using the software package
Matlab (2010).
6.2.1 Results and discussion
The solutions for the set of governing equations, using the parameters detailed in Table 5.1
and a length of 4000mm are shown in Fig. 6.1. The resulting equilibrium path is initially
neutrally stable during the stage where strong axis global buckling only is triggered at
the point labelled C. Following the development of the global buckling mode, the branch
switching mode in Auto-07p is used at the secondary bifurcation point S to find the
solution for the unstable interactive post-buckling path. Here, the local buckling mode is
also triggered and interacts with the global buckling mode.
The load carrying capacity of the strut quickly decreases after S, indeed showing that the
interaction between the two modes leads to unstable behaviour. It is also observed that no
cellular buckling is found with the current strut, a phenomenon that had been present in
previous work on similar structures. Similar to the strut in Chapter 3, the rigidity of the
flange–web connection in this case also erodes any cellular behaviour in the post-buckling
response. This indicates that although the flange–web connection has been calibrated and
is no longer assumed to be fully rigid and free to rotate as a rigid body, the stiffness in
the connection is still sufficient to erode any cellular behaviour that would occur in a fully
pinned connection (Bai & Wadee, 2015b).
It can also be determined that the two global generalized coordinates, qs and qt, remain
similar but unequal throughout the post-buckling process, as shown in Fig. 6.2. This
indicates that the shear strain in the strut is small but not negligible, particularly as the
post-buckling path progresses. Although small, note that the difference in qs and qt is larger
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Figure 6.1: Numerical solutions of the equilibrium equations defining the post-buckling
paths for the case where strong axis global buckling is critical and the flange–web con-
nection is calibrated: (a) the normalized load p = P/PCo versus the total normalized end
shortening E/L, (b) p versus the global mode amplitude qs, (c) p versus the maximum out-
of-plane displacement of the flange wmax and (d) wmax versus qs. The critical bifurcation
is labelled as C and the secondary bifurcation point is labelled as S.
than that found in previous work on I-section struts (Bai & Wadee, 2015b), including the
minor axis global-local interaction case discussed in Chapter 3. This could be attributed
to the web being deeper than the flange is wide. Thus, as the strut buckles globally about
the strong axis, shear strains contribute more than if the strut were to buckle about the
weaker axis.
Figure 6.3 shows the development of the out-of-plane and in-plane deflected shapes of the
flange at the outstand. Note that the out-of-plane deflection of the web ww can also be
calculated by ww = κcwf , where κc = 0.65κ0, where κ0 was defined earlier in §5.1.3. For the
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Figure 6.2: The global generalized coordinates qs and qt with progression along the post-
buckling path. For strong axis global and local buckling interaction, the two values can be
seen to be similar but not equal, with the difference increasing as the post-buckling path
progresses.
current example κc has a magnitude of approximately 0.23, indicating that the deflection
of the flange is approximately four times that of the web. This is expected since the flange
and the web are both of similar dimensions, but the web has two supported edges whereas
the flange also has free edges.
It is observed from Fig. 6.3 that, as the equilibrium path progresses, the maximum deflec-
tion of the flange at mid-span increases, reaching a value of approximately 3mm in the final
graph, a large deflection when compared with the plate thickness of 2.4mm. The patterns
have a modulating amplitude from the centre of the strut, spreading outwards towards
the boundaries, with the wavelengths reducing progressively, from approximately 140mm
to 110mm between p = 0.95 and p = 0.90. Thus, the buckled wavelength is decreasing
while simultaneously increasing in amplitude, as the axial load decreases. The modulated
displacement response has been observed before, in similar structures where some level of
rigidity is given by the flange–web connection, and the phenomenon of decreasing wave-
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Figure 6.3: Numerical solutions for the out-of-plane deflections of the flange wf and the
in-plane deflection of the flange u in sequence, as p decreases along the equilibrium path.
lengths has also been observed in thin-walled structures previously. (Wadee & Farsi, 2014;
Bai & Wadee, 2015b).
The in-plane displacement can also been seen to develop in kind with the out-of-plane
displacement, as shown in the right-hand column of Fig. 6.3, note that the out-of-plane
displacements are all symmetrical about the mid-span and in-plane displacements are an-
tisymmetric, as imposed by the boundary conditions during the numerical solution of the
governing equations. Figure 6.4 shows a series of three-dimensional representations of the
numerical solution to the analytical model at various stages in the post-buckling path.
The diagrams include all calculated solutions for W , θ, ww, wf and u, mapped onto a
single I-section as a three dimensional image. Here, it is observed that very soon after the
secondary bifurcation point (Fig. 6.4(a)), the strong axis global buckling mode is clearly
visible, but little local buckling can be seen since it had only just been triggered. Further
along the post-buckling path, the local plate buckling mode begins to develop, simultane-
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ously with the global buckling mode; the web can also be seen to displace in sympathy
with the local buckling of the flange.
(a)
(b)
(c) (d)
Figure 6.4: Numerical solutions obtained from the analytical model for the deflections
shown in 3D, plotted using Matlab with examples shown at (a) p = P/PCo = 0.998, (b)
p = 0.99, (c) p = 0.95 and (d) p = 0.90. All dimensions shown are in millimetres.
6.3 FE modelling and validation
A strut of identical material and geometric properties is constructed in the commercial FE
software package Abaqus to validate the numerical results given by the analytical model.
The same methodology of strut construction and solution, as detailed in Chapter 4, is
used. Again, S4R elements are used and a ‘No Rotation’ constraint is imposed to tie the
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flanges and web together. A mesh of 5mm in the transverse direction and 10mm in the
longitudinal direction is used, which has been demonstrated to be of sufficient resolution in
the mesh sensitivity study conducted in Chapter 4. Only one half of the strut is modelled
since displacements are assumed to be symmetrical about the mid-span, thus for a strut
length of 4000mm, 11200 elements were present in the FE model.
Initially, the separate buckling modes are found using linear eigenvalue analysis, and the
first global and local buckling modes are selected and input into a Riks analysis as initial
imperfections to determine the post-buckling behaviour of the structure. The presence
of initial imperfections in the Riks analysis for both local and global buckling modes is
necessary using this method in order to observe post-buckling behaviour in the strut.
However, in order to obtain the best results to correlate with the perfect case analytical
study, the initial imperfections are kept to be as small as possible, to ensure a relatively
fair comparison. In the current case, the strong axis global imperfection is set to L/20000
and tf/150 for the local imperfection.
Linear eigenvalue analysis determined that strong axis global buckling is indeed the critical
mode, and is triggered at a load of 166.05 kN, with approximately a 1% difference from the
solution given by the analytical model, an excellent comparison. The strong axis global
mode is followed closely by local plate buckling in both the flange and the web, triggered at
a load of 224.9 kN, a difference of less than 0.5% from the analytical model which is again
an excellent comparison. These two modes are then used in the subsequent Riks analysis,
with the results shown in Fig. 6.5 along with the numerical results given by the analytical
model.
A very good comparison of the paths can be observed from the figures, particularly in the
neighbourhood of and immediately after the secondary bifurcation, as expected from the
excellent comparison of the buckling loads given by the linear eigenvalue analysis. This
comparison can be observed in greater depth by examining Figs. 6.6 and 6.7 where the out-
of-plane displacement profiles of the flange and the web respectively are shown at different
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Figure 6.5: Comparisons between the equilibrium paths evaluated from the analytical and
FE models. Graphs show the normalized load p = P/PCo versus (a) the normalized total
end shortening E/L, (b) the global sway deflection qs and (c) the maximum normalized
out-of-plane displacement of the flange wmax/L; (d) shows wmax/L versus qs.
stages in the post-buckling response. Immediately after the secondary bifurcation point,
when p = 0.998, the comparisons between the two models are excellent, with the out-of-
plane deflection shape of both the flange and the web appearing to be almost identical.
As the post-buckling path progresses, however, the solutions for the analytical and FE
models begin to diverge, which can be seen in both the equilibrium paths as well as the
out-of-plane flange and web deflection shapes. The analytical model exhibits a slightly
stiffer post-buckling response, which can be attributed partially to the rapidly decreasing
wavelengths in the out-of-plane displacement profile. As previously discussed in Chapter 4,
the load applied is influenced by the frequency of the waves present (Budd et al., 2001).
The wavelength of the out-of-plane deflection profile predicted by the FE model changes
at a much slower rate, which results in a less stiff response in the post-buckling range.
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Figure 6.6: Comparison of the development of the out-of-plane displacements in the flange
between the analytical and FE models for different normalized loads p in the post-buckling
range.
As previously discussed, the phenomenon of significantly decreasing wavelengths has been
observed in similar structural components and it has also been demonstrated in previous
work that static FE models struggle to model this phenomenon successfully. Thus, the
analytical model may give a more accurate representation of the physical behaviour of the
system in terms of the local buckling wavelength. A series of three dimensional representa-
tions depicting the deflected shapes of the strut are shown in Fig. 6.8 obtained from both
the analytical and FE models for visual comparison.
The progression of the deflections in the cross-section of the strut at mid-span is shown in
Fig. 6.9 at different stages in the post-buckling process. Note that the deflections in this
diagram have been exaggerated by a factor of 5 for clarity. Again, an excellent comparison
can be seen in the first figure, immediately after the secondary bifurcation point, and shows
that the functions f(x) and g(y) used to describe the out-of-plane displacements give a
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Figure 6.7: Comparison of the development of the out-of-plane displacements in the web
between the analytical and FE models for different normalized loads p in the post-buckling
range.
good representation of the actual deflected shapes. As the post-buckling path progresses,
however, the comparisons begin to diverge slightly, most noticeably in the less compressed
top flange. Here, the FE model shows some out-of-plane deflection whereas the analytical
model assumes this flange to have zero out-of-plane deflection. Upon further observation,
it can be seen that this assumption is arguably reasonable, given the relative magnitude of
the deflection in the less compressed flange, compared to other parts of the cross-section
(especially in the more compressed flange where the deflection is considerably greater).
However, the displacement in the less compressed flange is clearly shown to be non-zero
owing to the transfer of stresses between the joint of the flanges to the web. This is another,
possibly stronger, contributory factor explaining the less stiff post-buckling response of the
FE model, when compared to the results given by the analytical model.
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Figure 6.8: Visual comparison of the analytical model and FE solutions with 3D repre-
sentations. The results are shown for the post-buckling equilibrium states with global
buckling amplitudes: qsL = 22mm, 43mm and 110mm from (a)–(c) respectively. The left
column shows results obtained from the analytical model (dimensions in mm,) with colours
chosen to highlight the deformations in the strut and the right column from the FE model
formulated in Abaqus , with colours showing element stresses.
6.3.1 Comparison between FE and the fully rigid flange
Initially, the assumption that the flange–web joint is free to rotate as a rigid body was
imposed, such that the flange and web components were always perpendicular at the point
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Figure 6.9: Out-of-plane cross-sectional deflections of the I-section strut at mid-span, at
points throughout the post-buckling path. All deflections are scaled by a factor of 5 to aid
clarity and each graph shows the x and y axes in millimetres, as defined in Fig. 5.3.
of connection. However, it was later established in Chapter 5 that this can give an over
prediction of the local buckling load, and the stiffness of the flange–web connection was
calibrated using an FE model to obtain a better prediction of the local buckling load.
The comparisons shown in §6.3 are calculated using the calibrated flange–web connection,
where κ = κc = −0.65h/(πb). It was assumed that as the pure local buckling load was
better predicted using the calibrated κ value, the post-buckling response in the interactive
model using κc would also give better comparisons with the FE model. Although a sound
assumption, it is worth revisiting the analytical model for the case where the flange–web
connection is assumed to retain full rotational transfer, and is free to rotate as a rigid body.
Therefore, the governing equations are solved again, in exactly the same way as in §6.2 for
the case where κ = κ0 = −h/(πb).
6.3.2 Results and discussion
The post-buckling response of the analytical model, for the case of a flange–web connection
that is free to rotate as a rigid body, is shown in Fig. 6.10 along with the comparison with
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Figure 6.10: Numerical solutions of equilibrium equations defining the post-buckling paths
for the case where strong axis global buckling is critical and the flange–web connection is
assumed to be free to rotate as a rigid body (κ = κ0). Details are as given in Fig. 6.5.
the FE model presented previously. It can be observed that the uncalibrated flange–web
connection, with calibration factor κ0, gives a significantly worse comparison than the
calibrated model with κ = κc, which is most evident in Fig. 6.10(d) where the two post-
buckling paths do not even meet. In all other graphs it can also be seen that the secondary
bifurcation point does not match as well as in Fig. 6.5. This can be observed in further
detail in Figs. 6.11 and 6.12 which show the comparison of the out-of-plane deflection shape
for the flange and the web respectively. It can be seen from the first graph in both figures,
where p = 0.998, that the out-of-plane deflection shapes do not match as well for the
fully rigid flange–web connection case, when compared to the case where the flange–web
connection has been calibrated. When κ = κ0, the initial wavelengths are shorter than
when κ = κc; for the calibrated case, the joint has less overall rotational stiffness and hence
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Figure 6.11: Comparison of the development of the out-of-plane displacements in the flange
between the analytical and FE models for different normalized loads p in the post-buckling
range, assuming the flange–web connection is free to rotate as a rigid body, (κ = κ0).
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Figure 6.12: Comparison of the development of the out-of-plane displacements in the web
between the analytical and FE models for different normalized loads p in the post-buckling
range, assuming the flange–web connection is free to rotate as a rigid body, (κ = κ0).
the wavelengths found in the out-of-plane displacement profiles are initially longer, which
improves the comparison with the FE model, as shown in Figs. 6.6 and 6.7. This agrees
with earlier work on I-section struts buckling globally about the weak axis (Bai & Wadee,
2015b), which found that a stiffer flange–web connection leads to smaller wavelengths in the
post-buckling range. Additionally, the functions f(x) and g(y) are displacements assigned
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to the cross-section of the strut in order to describe the out-of-plane behaviour of the plate
components. Being approximations, this results in an upper bound solution in terms of
the system stiffness. The calibrated parameter κc can be viewed as a simple instrument
to reduce this error and give a better comparison to the FE solution. It can therefore
be concluded that the analytical model with the calibrated flange–web connection gives a
significantly improved result for the nonlinear behaviour and matches much better with
the FE model, compared with the case where the flange–web connection is assumed to be
free to rotate as a rigid body.
6.4 Concluding remarks
A nonlinear analytical model has been formulated to analyse the interaction between strong
axis global buckling with local flange and web buckling of a thin-walled I-section strut
under pure compression. The flange–web joint is considered effectively to be semi-rigid
and a calibrated stiffness is implemented, as derived in Chapter 5 of the current thesis, to
correct the approximation of the shape functions. The model predicts strong axis global
buckling occurring initially, which then interacts with local buckling of the flange and the
web simultaneously, after a point of secondary bifurcation is triggered. The local buckling
of the flange shows a continuously spreading sinusoidal pattern that is localized at the
mid-span initially and is modulated towards the ends of the strut. The buckling profile
increases in amplitude with decreasing wavelengths as the post-buckling path progresses
and the load capacity decreases significantly.
The numerical solutions from the calibrated analytical model are validated using com-
mercial FE software. The buckling loads, points of secondary instability and the initial
interactive buckling profiles all show excellent agreement between the two models. In par-
ticular, immediately after the interaction begins, the out-of-plane displacement profiles of
the two models are almost identical. Although there is subsequent divergence, there is
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experimental evidence demonstrating that this is partially connected more with difficul-
ties experienced by FE models in tracking progressively and significantly changing local
buckling profiles, rather than an intrinsic weakness of the analytical model. However, the
assumption that the less compressed flange does not deflect during interactive buckling
is probably the principal reason that the analytical model results to be stiffer than those
obtained from Abaqus.
The case where the flange–web connection is free to rotate as a rigid body is also considered
in the analytical model, to verify that the calibrated model gives a superior comparison.
The post-buckling response of the uncalibrated model is also determined and, on compar-
ing with the FE model, it is observed that the calibrated model gives a much improved
correlation, particularly evident in the out-of-plane displacement profiles and the equilib-
rium paths. The calibrated model is therefore carried forward, and the effects of initial
global and local geometric imperfections will be investigated next.
Chapter 7
Imperfection sensitivity
The general form of the analytical model formulated and presented in Chapter 5 was
modified to describe the post-buckling behaviour of a perfect strut suffering from strong
axis global–local mode interaction, which was presented in Chapter 6. The equations were
solved using the continuation and bifurcation software Auto-07p (2011) and the results
were compared against an identical strut constructed and analysed using the commercial
FE software package Abaqus. An excellent comparison was observed, particularly for the
case where the flange–web connection had been calibrated by the factor κc.
The current chapter extends the study presented in Chapter 6 to include geometric global
and local imperfections. The imperfections have already been considered in a general sense,
in the analytical formulation presented in Chapter 5, therefore Equations (5.15)–(5.25) can
be considered and modified to describe the imperfect strut. Two types of initial, stress-
relieved, geometric imperfections are considered. They include a global out-of-straightness
imperfection, where the strut is initially deformed with a mid-span deflection before any
load is applied. Additionally, a local imperfection, where an initial out-of-plane displace-
ment profile is assumed to exist before any load is applied, is present in both the more
compressed flange and the web. Note that material imperfections such as inhomogeneity
164
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in material properties are not considered in the current study.
Three separate imperfection sensitivity studies are conducted; initially the strut is consid-
ered with only the global imperfection being present, increasing in magnitude; then only
a local imperfection is considered for a variety of magnitudes; finally the effect of the two
imperfection types (global and local) are investigated for the case where they are both
present simultaneously. It is found that the strut is sensitive to both the initial out-of-
straightness and the local imperfections. As the magnitude of the imperfections increase,
the ultimate load that can be achieved by the strut decreases, as would be expected. The
imperfection sensitivity study for the case of initial local imperfections investigates the
effects of a range of shapes; it is found that the strut is sensitive to both periodic and
localized local imperfections, however, a larger decrease in ultimate load is observed for a
localized imperfection, when compared to a periodic shape of the same magnitude. The
combined case, where both initial out-of-straightness and local imperfections are present
simultaneously, shows that a lower ultimate load is reached than when either imperfection
is present individually, as would be expected. The imperfect strut is also considered and
analysed in Abaqus (2014) for comparison and validation purposes. The ultimate loads,
for the case where global imperfections only are present, are found and match well with
the results from the analytical model. An example of a combined imperfection case is also
analysed in Abaqus. An excellent comparison is observed between the two methods, par-
ticularly in the neighbourhood of the secondary instability. Additionally, both equilibrium
paths and local displacement profiles for the flange and the web show an excellent match,
for the combined imperfection case.
7.1 Analytical model
The strut considered presently is as shown in Fig. 3.1 and is assumed to be restrained
from buckling globally about the weaker y-axis. The strut is therefore susceptible to global
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strong axis buckling and interaction with the local plate buckling mode at a secondary
bifurcation point. The general form of the analytical model derived in Chapter 5 can be
modified to apply in this case.
To formulate the analytical model, the buckling modes are defined, and there is a great deal
of similarity with studies detailed in this thesis previously. The global and local buckling
modes are identical to the displacements presented in Chapter 5 and therefore, the global
deflection shapes W and θ are as previously introduced in Equation (3.1). The local in-
plane deflection shapes ufli(x, z) and uwl(y, z) are as defined in Equation (5.1) and the
local out-of-plane displacement shapes were introduced in Equation (5.2). The transverse
displacement functions fi(x) and gi(y), where i = {1, 2} are given in Equation (5.3) and
Equations (5.7)–(5.8), respectively.
The general form of the analytical model presented in Chapter 5 can now be simplified since
it is assumed that the strong axis global buckling mode is critical. This implies that one
flange will be less compressed than the other throughout post-buckling and no out-of-plane
displacements would exist in this flange. Figure 5.3 shows a diagrammatic representation
of the deflected shape of the strut, for the case where strong axis global buckling is critical.
In the formulation, it can therefore be assumed that all terms associated with the local
buckling of the less compressed flange (i.e. with subscript ‘2’) are equal to zero. The
remaining terms can therefore be simplified, where w1 = w, u1 = u, f1(x) = f(x) and
g1(y) = g(y). Equations (5.15)–(5.26) can then be used to formulate the total potential
energy using this simplification, with the assumption being made that the strong axis
global buckling mode is critical.
7.1.1 Imperfection definition
Two types of imperfections are defined for the analytical model; an initial, stress relieved,
global out-of-straightness and an initial out-of-plane local buckling profile in the more
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compressed flange and the web. The global imperfections can simply be written thus:
W0(z) = qs0L sin
(πz
L
)
, θ0(z) = qt0π cos
(πz
L
)
, (7.1)
where W0 is an initial global deflection in the strut, and θ0 is an initial associated rotation
of the plane sections. The quantities qs0 and qt0 are their respective amplitudes and are
shown in Fig. 5.1, corresponding to the sway and tilt degrees of freedom.
The local out-of-plane imperfection shapes are then introduced as the following functions:
wfl0(x, z) = f(x)wf0(z) = f(x)
{
A0 sech
[
α(z − ψ)
L
]
cos
[
βπ(z − ψ)
L
]}
, (7.2)
wwl0(y, z) = g(y)ww0(z) = g(y)
{
A1 sech
[
α(z − ψ)
L
]
cos
[
βπ(z − ψ)
L
]}
, (7.3)
for local imperfection shapes in the more compressed flange and the web respectively. In the
expressions, the parameter β determines the number of waves in the longitudinal direction
of the imperfection and α determines the degree of localization that exists in the mode
shape. For example if α = 0, the shape would be purely periodic and when α > 0 the shape
localizes at mid-span. Note that the parameter β must always be an odd integer in order to
satisfy the symmetrical boundary condition at the mid-span and the parameter ψ is set at
L/2 for the same reason. The parameters A0 and A1 determine the amplitude of the local
imperfection at mid-span. An example of possible local imperfection shapes in the flange
are shown in Fig. 7.1, for different values of A0, α and β. The form of the imperfection
shape is derived from a leading order approximation of the deflected shape of a strut on
a softening elastic foundation (Wadee et al., 1997). This form of imperfection has been
previously shown to be a good representation of the least stable localized buckling mode
shape, and therefore is suitable as a worst case initial local imperfection for interactive
buckling problems. It has been previously used in similar global–local interaction studies
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Figure 7.1: Local imperfection shapes wfl0 with (top) a varying localization parameter α
for a fixed β value and (bottom) a varying wave number parameter β when α = 0.
of thin-walled and sandwich structures (Wadee, 2000; Wadee & da Silva, 2005; Yiatros &
Wadee, 2011; Wadee & Farsi, 2015; Bai & Wadee, 2015a).
7.1.2 Total potential energy
Using Equations (5.15)–(5.26), the total potential energy can be formulated, for the case
where an imperfect strut is subject to a critical strong axis global buckling mode that
interacts with the local flange and buckling thus:
V =
∫ 2
0
{
EIf (qs − qs0)
2π4
2L
sin2
(
πz˜
2
)
+
1
16L
{
16
(
Df{f
2}x +Dwκ
2{g2}y
) (
˜¨w − ˜¨w0
)2
+ 8L2
[
ν
(
Df{f
′′f}x +Dwκ
2{g′′g}y
) (
˜¨w − ˜¨w0
)
(w˜ − w˜0) + (1− ν)
(
Df{f
′2}x
+Dwκ
2{g′2}y
) (
˜˙w − ˜˙w0
)2 ]
+ L4
(
Df{f
′′2}x +Dwκ
2{g′′2}y
)
(w˜ − w˜0)
2
}
+
EL
4
[
(6btfb+ htw)
(qt − qt0)
2 h2π4
12L2
sin2
(
πz˜
2
)
+ (2btf + htw)∆(∆− ˜˙u)
− ({f 2}xtf + twκ
2{g2}y)∆
(
˜˙w2 − ˜˙w20
)
+
(
btf +
htw
3
)
˜˙u2
CHAPTER 7. IMPERFECTION SENSITIVITY 169
+
(
tf{f
2}x −
twκ
2{yg2}y
h
)
˜˙u
(
˜˙w2 − ˜˙w20
)
+
(tf{f
4}x + twκ
4{g4}y)
4
(
˜˙w2 − ˜˙w20
)2
−
(qt − qt0)π
2
L
{[
tf{f
2}xh
2
− twκ
2
(
{yg2}y +
h{g2}y
2
)] (
˜˙w2 − ˜˙w20
)
+
(
bhtf +
h2tw
6
)
˜˙u
}
sin
(
πz˜
2
)]
+
GL3tw
16h
[
4(qs − qs0 − qt + qt0)
2π
2h2
L2
cos2
(
πz˜
2
)
+ u˜2 + h
(
tf
tw
{f ′2f 2}x + κ
4{g′2g2}y
)(
w˜ ˜˙w − w˜0 ˜˙w0
)2
− 2κ2{g′g}yu˜
(
w˜ ˜˙w − w˜0 ˜˙w0
)
− 4(qs − qs0 − qt + qt0)
πh
L
[
u˜− κ2{g′g}y
(
w˜ ˜˙w − w˜0 ˜˙w0
)]
cos
(
πz˜
2
)]
−
PL
2
[
q2sπ
2
2
cos2
(
πz˜
2
)
−
1
2
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dz˜. (7.4)
Here, dots denote differentiation with respect to z˜ and the functions f(x) and g(y) and their
products and integrals are shown in braces, as previously defined in Equation (5.37). The
full expressions are found using the computer software Maple (2005) and are presented
in Appendix B. Note that, as in Chapters 5 and 6, the relationship between the out-of-
plane displacement of the web and the flange can be defined using the parameter κ, where
ww = κwf = κw. The parameter κ ≡ κc is as previously defined in Equation (5.46), as it
was concluded in Chapter 5 that the calibrated κ value gives a more accurate representation
of the local buckling load. Note that the initial local imperfection shapes for the more
compressed flange and the web can be related in the same way, giving ww0 = κwf0 = κw0,
simplifying the total potential energy further. Also, note that the expression has been
non-dimensionalized with respect to the strut half-length, in the same way as defined in
§3.2.1.
7.1.3 Equilibrium equations
The calculus of variations is performed on the total potential energy, as detailed in §3.3,
to obtain the governing equations of equilibrium for the case of a long strut with initial
geometric imperfections. The resulting fourth order nonlinear ODE in w˜ and second order
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nonlinear ODE in u˜ respectively are as follows:
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(
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= 0, (7.5)
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2Lζ
[
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6
]
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(
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2
)
+
2
ζ
[
tf{f
2}x −
twκ
2
h
{yg2}y
] (
˜¨w ˜˙w − ˜¨w0 ˜˙w0
)
= 0,
(7.6)
where the parameters η and ζ are as defined in Equation (6.4).
The total potential energy V is also minimized with respect to the generalized coordinates
qs, qt and ∆, thus:
(qs − qs0)π
2 +
GhL2tw
2EIf
(qs − qs0 − qt + qt0)−
PL2
2EIf
qs
+
GL3tw
4EIfπ
∫ 2
0
[
κ2{g′g}y
(
˜˙ww˜ − ˜˙w0w˜0
)
− u˜
]
cos
(
πz˜
2
)
dz˜ = 0, (7.7)
(qt − qt0)π
2
(
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htw
6btf
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2GtwL
2
Ebhtf
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∫ 2
0
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Ltw
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[(
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h2
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2h
)(
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1
6
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L
h
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{f 2}x
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)]
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GL3tw
Ebh2tfπ
[
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(
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)]
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(
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2
)}
dz˜ = 0, (7.8)
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∫ 2
0
{
∆−
1
2
˜˙u−
[
tf{f
2}x + twκ
2{g2}y
] ( ˜˙w2 − ˜˙w20)
2A
−
P
EA
}
dz˜ = 0. (7.9)
Using Equation (7.8), a relationship can be established between the two global imperfec-
tions qs0 and qt0 before any interactive buckling occurs, which reduces the number of global
imperfection parameters to one:
qs0 =
[
1 + π2
(
1 +
htw
6btf
)(
Ebhtf
2GL2tw
)]
qt0. (7.10)
Boundary conditions for w˜ and u˜ are also defined in the same way as presented in Equations
(5.43)–(5.44), the former is precisely the same, but the latter condition, which is evaluated
at z˜ = 0, changes thus:
2btf ˜˙u
(
1 +
htw
3btf
)
− A∆+
(
˜˙w2 − ˜˙w20
)(
tf{f
2}x −
twκ
2
h
{yg2}y
)
+
P
E
= 0. (7.11)
Note that the global buckling load PCo can also be determined in the same way as described
earlier, resulting in the same expression as presented in Equation (5.33).
7.2 Numerical results
The governing equations (7.5)–(7.6), subject to integral and boundary conditions (7.7)–
(7.11), are solved numerically in the continuation and bifurcation software Auto-07p to
calculate the post-buckling responses of the strut for different initial imperfections. The
geometry and material properties selected for the study are identical to those listed in
Table 5.1, with a strut length of 4000mm. The geometries are selected to ensure that
strong axis global buckling remains critical, but the local buckling mode is sufficiently
close such that interaction may be observed in the elastic range.
For the imperfection sensitivity study, the continuation functionality in Auto-07p is uti-
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lized by varying the relevant imperfection parameters from the already established solution
to the perfect case strut, the results of which are presented in Chapter 6. Three imperfec-
tion cases are considered in turn; the case where only a global out-of-straightness exists,
the case where only a local imperfection in the more compressed flange and web exists and
finally, the case where both local and global imperfections exist simultaneously. Diagram-
matic representations of the solution strategies are shown in Fig. 7.2, and will be explained
in further detail in the following sections.
PC
o PC
o
PC
o
qs qs qsqs0 qs0
Global imperfection
Local imperfection Global and local imperfection
Run 1
Run 2
Run 1 Run 1
Figure 7.2: Solution strategy for a strut with (a) global imperfections only, (b) local imper-
fections only and (c) a combination of global and local imperfections. Perfect solutions are
shown with dotted lines and imperfect solutions in solid lines. Circles represent bifurcation
points.
7.2.1 Global imperfections only (qs, qt 6= 0, w0 = 0)
To investigate the sensitivity of the strut to global imperfections, the parameters W0 and
θ0 are introduced into the analytical model as non-zero values, with w0 remaining at zero.
To implement this, the normalized initial global deflection qs0 (and consequently the qt0
term) is increased parametrically from the perfect case solution in the software Auto-07p,
ranging from 1/10000 to 1/350. The equilibrium path for the imperfect strut is then found
by switching the principally varying parameter back to the load P . The solution strategy
to find the equilibrium path is shown in Fig. 7.2(a); note that two runs are necessary to find
the full equilibrium path, since at the point of secondary instability, the branch switching
facility needs to be utilized in Auto-07p to complete the path. Figure 7.3 shows a family
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Figure 7.3: Numerical solutions of the governing equations defining the equilibrium paths
for increasing global imperfections W0. The graphs show the normalized load p versus (a)
the total normalized end shortening E/L, (b) the global sway amplitude qs and (c) the
maximum normalized out-of-plane displacement of the flange wmax/L; (d) shows wmax/L
versus qs. The perfect case is marked with a dot-dashed line and all imperfect cases have
solid lines.
of equilibrium paths for the I-section strut, with each curve corresponding to a different
imperfection size, shown in Table 7.1 in ascending order of qs0. The ultimate loads pu found
are given alongside the corresponding global imperfection size. It can be observed that the
normalized ultimate load pu = Pu/P
C
o found for each strut decreases as the size of the
imperfection increases. In fact, the global imperfections can cause a significant decrease
in load capacity; for the largest imperfection size of qs0 = 1/350, equivalent to 11.43mm
for a strut length of 4000mm, the ultimate load is decreased by approximately 17%. It
can therefore be concluded that the system is sensitive to initial global imperfections.
Additionally, on analysing the post-buckling path, it is revealed that the system converges
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qs0 1/10000 1/5000 1/1500 1/1000 1/750 1/500 1/400 1/350
pu 0.9796 0.9614 0.9021 0.8782 0.8627 0.8432 0.8333 0.8276
Table 7.1: The normalized ultimate load reached pu = Pu/P
C
o for each magnitude of global
out-of-straightness value qs0, corresponding to each equilibrium path.
to the same equilibrium state asymptotically for all magnitudes of qs0, as can be seen
from Fig. 7.3. This indicates that any large initial global imperfection would result in
an approximately neutrally stable path in the post-buckling range. The mode shapes for
the out-of-plane deflection for both the web and the flange are similar to the perfect case,
which were previously analysed and presented in Chapter 6.
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Figure 7.4: The normalized ultimate load reached pu = Pu/P
C
o for each magnitude of global
out-of-straightness value qs0, corresponding to each equilibrium path, with an approximate
curve fit showing an approximate 1/2 power law relationship, to leading order.
Table 7.1 is plotted in Fig. 7.4 along with an approximate curve fitted to the trend of
decreasing peak load pu for increasing normalized global imperfection qs0. The curve fitted
to the points has the expression:
pu = 1− 4q
1/2
s0 + 250q
3/2
s0 , (7.12)
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which is approximately a 1/2 power law relationship, to leading order.
7.2.2 Local imperfections only (qs = qt = 0, w0 6= 0)
For the study where local imperfections only are present, the out-of-straightness parameters
qs0 and qt0 are both set to zero in the governing equations. The initial local imperfection
is introduced to the more compressed flange as well as the web, and the set of governing
equations is solved for a selection of A0, α and β values (with A1 = κA0 for the web plate,
as defined earlier). In order to compare different shapes of local imperfection profiles
fairly, a consistent method for determining the size of the imperfection must be defined
that can be applied to all shapes of imperfection. Thus, the size, or magnitude, of the local
imperfection can be found by the following expression:
E0 =
1
2
∫ L
0
w˙20 dz, (7.13)
which gives the total end-shortening due to the deflected shape of the imperfection. This
definition now allows all types of local imperfection shapes to be compared consistently.
Parameters A0, α and β are varied systematically from the perfect case solution presented
in Chapter 6 to study the effect of the different local imperfections at distinct stages and the
solution strategy for finding the equilibrium path is shown in Fig. 7.2(b). The methodology
used is defined in the following points.
(1) The parameter β is varied parametrically, noting results at odd integers only, in
order to maintain the symmetrical boundary condition at mid-span. The parameters
α and A0 are fixed to zero. At this stage no difference in the post-buckling behaviour
should be observed when compared to the perfect case, since the magnitude of the
imperfection is still fixed to be zero.
(2) The normalized total end shortening due to the initial local imperfection, E0/L, is
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increased parametrically to a number of fixed intervals from 1× 10−7 to 8× 10−5, for
each β value previously noted in step (1). The localization parameter α is fixed to
zero, but the parameter A0 is allowed to vary, and is automatically calculated by the
set of equations. The β parameter giving the worst case equilibrium path (i.e. giving
the lowest ultimate load) for each fixed E0/L value is recorded. This result finds
the worst case purely periodic local imperfection the strut can encounter, for a fixed
magnitude of E0. The results from this study are shown in Fig. 7.5(a).
(3) The parameter α is then increased from each worst case periodic local imperfec-
tion, determined in the previous step (2), until the α value giving the worst case
equilibrium path for each E0/L value is found. The parameter β is fixed at the pre-
determined worst case value and the imperfection magnitude E0/L is fixed for each
study. However, the parameter A0 is allowed to vary and is automatically calculated
since E0/L and β are fixed. This result finds the worst case localized imperfection the
strut can encounter, for a fixed magnitude. The results from this study are shown in
Fig. 7.5(b).
Figure 7.5(c) and (d) also show the normalized ultimate load pu as well as the imperfection
amplitude A0/tf found for each magnitude of imperfection E0/L, respectively, for both the
periodic and localized imperfection shapes.
For purely periodic functions, the ultimate load gradually decreases as E0 increases, as
expected. The periodicity parameter β varies for each size of imperfection, as observed
in Fig. 7.5(a), increasing slowly with E0. A further reduction in the ultimate load is
observed with the introduction of the localized imperfection shape (i.e. α 6= 0). However,
the effect is subtle, with a less than 1% decrease for imperfection sizes, shown in Fig. 7.5(c).
As demonstrated by Fig. 7.5(b), a smaller amount of localization is required to give the
lowest ultimate load for larger imperfections and α converges asymptotically to a value
of approximately 4 for larger initial imperfection sizes in the current example geometry.
It can also be seen from Fig. 7.5(d) that a much larger A0 value is required for localized
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Figure 7.5: Imperfection sensitivity diagrams for both periodic imperfection shapes (di-
amonds) and modulated imperfection shapes (crosses). All graphs are plotted with the
normalized imperfection size E0/L on the abscissa. Graph (a) shows the β value that gives
the lowest ultimate load found with a periodic imperfection; (b) shows the α value for each
worst case β value that gives the lowest ultimate load for a modulated imperfection; (c)
shows the normalized ultimate loads pu = Pu/P
C
o found and (d) shows the imperfection
mid-span normalized amplitude A0/tf .
imperfection shapes, compared to periodic shapes to maintain the same magnitude of
imperfection, as expected.
The strut can be seen to show sensitivity to both types of imperfections. The reduction in
the ultimate load for the largest initial end-shortening E0 considered is approximately 11.3%
for the periodic imperfection and 11.6% for the localized imperfection, when compared to
the perfect case. Figure 7.6 shows the family of equilibrium paths with the worst case
combinations of A0, α and β applied, corresponding to a selection of E0/L values, ranging
from 1 × 10−7 to 8 × 10−5. The corresponding ultimate loads found for each magnitude
of imperfection are listed in Table 7.2. From the equilibrium paths, the decrease in the
ultimate load for larger imperfections is apparent. It can also be seen that all equilibrium
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Figure 7.6: Equilibrium paths for the worst case localized imperfection cases. The family of
curves are plotted for increasing values of normalized initial end-shortening E0/L ranging
from 1 × 10−7 to 8 × 10−5. Graphs show (a) the normalized load p = P/PCo versus
the normalized total end-shortening E/L, (b) p versus the global mode amplitude qs, (c)
p versus the maximum out-of-plane deflection wmax/L and (d) wmax/L versus qs. The
imperfect cases are shown in solid lines and the perfect case is shown with a dot-dashed
line.
paths converge asymptotically to the same equilibrium state, thus it is expected for larger
imperfections that the post-buckling response of the strut would be weakly stable if the
struts were to remain elastic.
Figure 7.5(c) showing the decreasing load capacity with increasing magnitudes of localized
local imperfection can be analysed further and is plotted again in Fig. 7.7 with an approx-
imate curve fitted to indicate the relationship between the load capacity and normalized
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E0/L(×10
−7) 1 5 10 50 100
pu(periodic) 0.9981 0.9915 0.9849 0.9562 0.9394
pu(localized) 0.9968 0.9876 0.9796 0.9497 0.9334
E0/L(×10
−7) 200 400 600 800
pu(periodic) 0.9218 0.9045 0.8948 0.8881
pu(localized) 0.9166 0.9004 0.8907 0.8845
Table 7.2: The normalized ultimate load pu = Pu/P
C
o found for each magnitude of normal-
ized local imperfection E0/L, corresponding to each equilibrium path plotted in Fig. 7.6.
The corresponding ultimate loads for the periodic imperfection shapes are also included.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x 10−4
0.88
0.9
0.92
0.94
0.96
0.98
1
ǫ0/L
p
u
 
 
localized curve fit
Figure 7.7: The normalized ultimate load reached pu = Pu/P
C
o for each magnitude of
normalized local imperfection, with an approximate curve fit showing a 1/3 power law
relationship, to leading order.
imperfection magnitude. The curve fitted to the points has the expression:
pu = 1− 3.1(E0/L)
1/3 + 5000(E0/L)
4/3, (7.14)
indicating approximately a 1/3 power law relationship, to leading order.
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7.2.3 Combined imperfections (qs, qt 6= 0, w0 6= 0)
The I-section strut is now analysed for the case where both global and local initial imper-
fections are present simultaneously. The global imperfection qs0 is kept at a constant value
of 1/10000 throughout, along with the corresponding qt0 value, calculated using Equa-
tion (7.10). The local imperfection parameters are then varied in a similar manner to the
previous section, in order to determine the worst case combination of A0, α and β, i.e. the
combination giving the lowest ultimate load. The equilibrium paths are found by using the
solution strategy shown in Fig. 7.2(c) and the ultimate loads are found for normalized ini-
tial end shortening values of E0/L for three examples of local imperfections of magnitude
10−7, 10−6 and 10−5. It was observed in the previous section that localized imperfec-
tion shapes gave a lower ultimate load, therefore only the worst case localized flange and
web imperfections are considered here, in combination with the global out-of-straightness
imperfection. The ultimate loads found are listed in Table 7.3. The equilibrium paths cor-
E0/L(×10
−7) 1 10 100
pu(localized) 0.9696 0.9541 0.9194
% decrease 2.7 2.6 1.5
Table 7.3: The normalized ultimate load pu = Pu/P
C
o found for each magnitude of nor-
malized local imperfection E0/L for localized imperfection shapes, in combination with a
global out-of-straightness of qs0 = 1/10000. The percentage decrease from the case where
only local imperfections of the same magnitude are present is also included in the final
row.
responding to the local imperfections presented in Table 7.3 are plotted in Fig. 7.8 along
with the equilibrium paths obtained in the previous section for the case where only local
imperfections are present, for reference.
It is observed that the combination of the two types of imperfection has a greater effect
in reducing the load capacity compared to the cases where global or local imperfections
were present in isolation, as predicted. For smaller local imperfections, the same global
imperfection has a greater effect in reducing the load capacity. For example, as demon-
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Figure 7.8: Equilibrium paths for the worst case localized imperfection with increasing ini-
tial end-shortening values E0, some of which include a constant global out-of-straightness
of qs0 = 1/10000. Graphs show (a)–(d) as described in Fig. 7.6. Cases with local im-
perfections only are shown with dashed lines and the corresponding paths that have the
additional global imperfection qs0 are shown with solid lines.
strated in Table 7.3, at an initial end shortening of E0/L = 10
−7, a further 2.7% decrease
in the ultimate load is observed with the addition of the global imperfection, whereas for
a much larger local imperfection of E0/L = 10
−5, the same global imperfection only re-
duces the ultimate load further by 1.4%. It can also be observed that this ultimate load
occurs much later in the post-buckling path for the combined case when compared to the
case where only local imperfections are present. Similar to the cases where only global or
local imperfections are present, the combined cases result in equilibrium paths that con-
verge asymptotically to the same equilibrium state, indicating that, again, reasonably large
combined imperfections would also result in an approximately weakly stable post-buckling
path for an elastic strut.
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7.3 Validation
Similar to the previous FE models devised within Abaqus, as presented in Chapters 5
and 6, an identical model is constructed using the same method to validate the nonlinear
model with imperfections. First, a linear eigenvalue analysis is used to find the buckling
modes of the strut and their corresponding load carrying capacities. The initial global
out-of-straightness imperfection and the first local imperfection are then introduced into
a geometrically nonlinear model solved using the Riks (1979) method to find the post-
buckling response. The results from the FE model are then compared with the post-
buckling paths found by the analytical model presented in the current chapter.
In order to make a fair comparison between the FE and analytical models, care needs to be
exercised when considering the initial imperfections that are input into each model. The
results that are obtained from Auto-07p for the analytical model must have implemented,
as far as is practical, as close a set of initial imperfections as possible as the FE model for
both the global out-of-straightness and the local imperfection shapes. The global imper-
fection shape given by Abaqus is approximately a half-sine wave, which is satisfactorily
modelled by the global out-of-straightness imperfection shape W0.
First, in a preliminary study, the case where only global imperfections are present is consid-
ered for the FE model. The global out-of-straightness amplitudes in the analytical model
qs0 are given in terms of non-dimensional values with respect to strut length L. This can
be translated into actual initial deflections in the FE model by multiplying the aforemen-
tioned values by the strut length, for use in the FE model. Additionally, in order to observe
interactive buckling, the first local imperfection shape is also used in the FE model but
the imperfection amplitude is kept as small as possible (presently, a tf/150 amplitude is
used) to represent the analytical model best, where only global imperfections are present.
The ultimate loads found for each magnitude of global imperfection are listed in Table 7.4
for both the analytical and FE models, along with the percentage difference. This is also
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qs0 1/10000 1/1500 1/750 1/500 1/400 1/350
pu(analytical) 0.9796 0.9021 0.8627 0.8432 0.8333 0.8276
pu(FE) 0.997 0.923 0.865 0.811 0.793 0.777
% difference 1.7 2.3 0.3 3.8 4.7 6.1
Table 7.4: The normalized ultimate load pu = Pu/P
C
o found for each magnitude of initial
global out-of-straightness qs0 for both analytical and FE models. The percentage difference
is also given.
shown graphically in Fig. 7.9. It is observed that the ultimate loads found by both the
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Figure 7.9: Normalized ultimate loads pu found by the analytical model (circles) and FE
model (squares) for different magnitudes of initial out-of-straightness qs0.
analytical and FE models correlate well, with a percentage difference of less than 5% in
most cases. However, it is noted that for relatively large imperfections, the FE results
begin to drift away from the analytical solutions, with the FE model exhibiting a lower
ultimate load, as would be expected, given the results from the perfect case in Chapter 6.
Nevertheless, a good prediction is observed, with a percentage difference of only 6.1%,
for an initial imperfection amplitude that is commensurate with Eurocode guidelines for
cold-formed structures (EN10210, BSI, 2006; EN1993-1-1, BSI, 2005).
A validation study is also conducted for an example strut, where a global out-of-straightness
imperfection as well as a local imperfection exist simultaneously. The non-dimensional
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amplitude of the global imperfection is qs0 = 1/10000 for the analytical model, which
can be simply translated into a dimensional value of L/10000 = 0.4mm in the FE model.
However, matching the local imperfection shape is less straightforward than the global out-
of-straightness. The local imperfection profile of the flange found using linear eigenvalue
analysis can be extracted from Abaqus and plotted using Matlab (2010). This software
is used to perform a simple numerical integration on the displacement profile to determine
the consequent initial end shortening E0. This value can then be introduced parametrically
into the analytical model. The local imperfection profiles used by the analytical model,
as described in Equation (7.2), can then be plotted alongside the profile extracted from
Abaqus. The parameters α and β values are adjusted such that they best match the FE
imperfection profile, while producing the same end shortening value E0. This ensures the
same size of imperfection is applied in both models, with as close a matching profile shape
as practically possible. The best match is achieved when α = 4.19, and β = 29. The A0
value in the analytical model is set to tf/10 and the normalized end shortening for both
models is E0/L = 3.46 × 10
−6. The initial local imperfection profiles that are used in the
analytical and FE models are shown in Fig. 7.10.
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Figure 7.10: Local imperfection profile used in the validation study, shown for both the
analytical model (solid line) and the FE model (dot-dashed line), such that the respective
values of E0/L match.
The results from the FE model are compared with the numerical solutions obtained from
the analytical model, and the equilibrium paths from both methods are presented in
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Fig. 7.11. The figure shows the analytical and FE models exhibiting good correlation,
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Figure 7.11: Numerical solutions of the equilibrium equations from the analytical model
(solid line) and the FE solutions (dot-dashed line) for the imperfect strut with global and
local initial imperfections, where qs0 = 1/10000 and E0/L = 3.46 × 10
−6. Graphs show
(a)–(d) as described in Fig. 7.6.
particularly in the neighbourhood of the limit point, where the two results match very
well. The out-of-plane displacement profiles for both the flange and the web are also
shown in Figs. 7.12 and 7.13. Note that for the analytical model, the out-of-plane dis-
placement of the web is calculated by multiplying the profile of the flange by the factor
κ ≡ κc, as defined earlier; again, an excellent correlation is observed. At the respective
ultimate loads, the out-of-plane displacement profiles for the analytical and the FE models
are almost identical, for both the flange and the web. For the perfect case strut pre-
sented in Chapter 6, it was observed that the analytical model displays a slightly stiffer
post-buckling response than the FE model and this behaviour can also be observed in
the current study of the imperfect strut. This can again be primarily attributed to the
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Figure 7.12: Comparisons of the out-of-plane displacement function wf of the flange be-
tween the numerical solution of the analytical model (solid line) and the FE model (dot-
dashed line), for different loads in the post-buckling range for the imperfect strut.
assumption in the analytical model that the displacements in the less compressed flange
are negligible, which generates a stiffer response. Moreover, the initial local imperfection
is input into the more compressed flange and the web in the analytical model. Owing
to the nature of the imperfections used in Abaqus, the local imperfection profile is also
imposed on the less compressed flange in the FE model, which could contribute to a less
stiff response. However, it is worth reiterating that the prediction of the ultimate load
from the analytical model is very good, implying that a practical prediction of the actual
load carrying capacity can be established from the analytical model; this will be exploited
in the following chapter.
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Figure 7.13: Comparisons of the out-of-plane displacement function ww of the web between
the numerical solution of the analytical model (solid line) and the FE model (dot-dashed
line), for different loads in the post-buckling range for the imperfect strut.
7.4 Concluding remarks
A nonlinear analytical model has been formulated from variational principles to investigate
the interactive buckling of I-section struts where strong axis global buckling is critical,
interacting with local buckling at a point of secondary instability. The model builds on the
previous, perfect case strut from Chapter 6 to include geometric imperfections in the form
of an initial, stress relieved global out-of-straightness, as well as an initial deflection profile
in the more compressed flange and the web. A calibrated value of κ ≡ κc, as determined in
Chapter 5, is used to form a relationship between the flange and web deflection amplitudes.
Imperfection sensitivity of the I-section strut is then studied using the analytical model for
three separate cases; when global imperfections only are present, when local imperfections
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only are present and when global and local imperfections are present simultaneously. The
strut is found to be sensitive to global imperfections, with the ultimate load found for each
study to be decreased with increasing imperfection amplitudes, as expected. The strut
is also found to be sensitive to all shapes of local imperfection, but lower ultimate loads
are observed for localized imperfection shapes, when compared to periodic imperfections.
Again, ultimate loads decrease as the magnitude of the local imperfections increase. Finally,
combined global and local imperfections show a further decrease in ultimate load, compared
to cases where either global or local imperfections were present in isolation, as may be
expected. It is observed that all imperfect equilibrium paths converge asymptotically to
the same equilibrium state, indicating that struts with a larger initial imperfection would
have an approximately neutrally stable post-buckling path.
The imperfection sensitivity study was validated using an identical strut, constructed and
analysed using the commercial FE package Abaqus. The results showed excellent com-
parisons, and in the case where the global and local imperfections are combined, the point
of secondary instability showed almost identical out-of-plane displacement profiles. As the
post-buckling path progressed, the analytical model exhibited a stiffer response, as seen
previously in the perfect case presented in Chapter 6. This can be attributed mostly to the
assumption that no out-of-plane displacement is assumed to occur in the less compressed
flange even though the amplitudes of these deflections are much smaller in comparison with
deflections elsewhere in the cross-section. The next chapter will investigate the effects of
changes in geometry in the strut, for both perfect and imperfect geometries.
Chapter 8
Parametric studies
In the previous chapters, an analytical model was developed for an I-section strut, suffering
from strong axis global–local buckling mode interaction. Both perfect and imperfect struts
were analysed and it was revealed that for the geometries selected, interactive buckling is
observed in the elastic region of the post-buckling path, with global buckling being the
critical mode. All types of initial imperfections reduced the load carrying capacity of the
strut. The results for both the perfect case, as well as some examples of struts with a variety
of initial imperfections, were validated against finite element (FE) models developed using
the software Abaqus (2014), with excellent comparisons observed, particularly close to
the secondary instability points in all cases.
In the current chapter, parametric studies are conducted to analyse the effects of modifying
the geometry of the strut. It is anticipated that the post-buckling behaviour of the strut
will change, depending on its geometry, in a similar way as previously seen in classic
papers such as in van der Neut (1969). It was found in these studies that the global and
local slenderness of the strut are the governing factors in determining the type of post-
buckling response that will be observed. In the current study, the change in response
caused by two geometric parameters is analysed. Firstly, the cross-section of the strut
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is kept constant and the length is varied, effectively varying the global slenderness of the
strut. Secondly, the height of the cross-section is varied while the length of the strut is kept
constant, which effectively varies both the global and local slenderness of the strut. The
parametric studies are conducted using a combination of analytical and FE methods. For
the struts where global buckling is critical, the analytical model is used and the length or
web height can be varied parametrically using the software Auto-07p (2011). However, for
the cases where local buckling is critical, the analytical model becomes extremely complex
and the equations become difficult to solve in terms of numerical convergence. In previous
chapters, it has been seen that the FE software Abaqus gives results that provide an
excellent comparison to the analytical solution, therefore Abaquswill be used to complete
the parametric study for the cases where local buckling is critical. For both parametric
studies, where length and then cross-section height is varied, the perfect, elastic strut, with
no geometric or material imperfections is considered. Additionally, for the cases where local
buckling is critical, a stress that violates the yield criterion is also incorporated into the
post-buckling behaviour. Finally, for the parametric study on the strut length, the effect
of an initial global out-of-straightness imperfection is also investigated.
In varying the length and the cross-section height independently, it is found that there are
four distinct regions of post-buckling behaviour that can be identified in both studies. For
the case where the global buckling load is much greater than the local buckling load (i.e. for
short columns and/or tall cross-sections), local buckling is dominant, and conversely when
the global buckling load is much less than the local buckling load (i.e. for long columns
and/or short cross-sections), global buckling is dominant. An interactive region can be
defined in between these two, where strong axis global–local mode interaction is observed.
This region can also be sub-divided into one part where the local buckling mode is critical
and a second part where the global buckling mode is critical. The different characteristics
of each region is examined in detail and subsequently discussed. Conclusions are then
drawn.
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8.1 Solution methodology
8.1.1 Varying the strut length
The parametric study uses the governing equations, as well as the appropriate integral and
boundary conditions presented in Equations (7.5)–(7.11), for the case where strong axis
global buckling is critical. First, the perfect case strut is investigated, thus all terms in
the equations associated with an initial imperfection (i.e. all terms with subscript ‘0’) are
set to zero. The length is then varied parametrically in order to find the post-buckling
behaviour of the strut for each geometry and any boundaries where the post-buckling
behaviour distinctly changes in characteristic. In each case, the post-buckling path can be
found for each strut length by simply allowing the axial load to be the principally varying
parameter. The change in global slenderness is anticipated to affect the global buckling
load but have an insignificant influence on the local buckling load of the strut, thus varying
the critical modes of buckling and the post-buckling behaviour. When the length is such
that global and local buckling loads are close, it is anticipated that interactive behaviour
will be observed and the length where global and local buckling loads become coincident
is defined as Lc. When the lengths are such that the global and local buckling loads are
very different, it is expected that other issues such as plastic deformations or serviceability
concerns will begin to become apparent before any interaction is observed. In this way,
the lengths Lo and Ll can be determined, denoting the boundaries where global buckling
or local buckling only are observed in the elastic range, respectively.
The study for struts with a length that induces critical global buckling is conducted an-
alytically using the software Auto-07p and lengths are varied using the continuation
functionality. The study for struts that have a length inducing critical local buckling is
conducted in the FE software Abaqus, using the same model as discussed previously in
Chapters 5 and 6. The general form of the analytical model presented in Chapter 5 can
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be applied to the case where local buckling is critical; however, the system would become
extremely complex and the resulting governing equations would comprise two fourth order
ODEs and two second order ODEs, as well as the associated integral and boundary con-
ditions. Furthermore, the ODEs would need to be decoupled before they could be solved,
potentially causing further complications. Given that the FE method has been demon-
strated to provide a successful comparison to the analytical model in previous chapters, it
is an acceptably accurate and a much more convenient tool to use in the current parametric
study for the cases where local buckling is critical. In order to simulate buckling in the FE
model using static methods, an initial geometric imperfection must be introduced into the
nonlinear Riks analysis; to make fair comparisons between the FE and analytical methods,
these geometric imperfections must be kept to be as small as possible and can be regarded
as a small perturbation purely to induce the buckling modes. It is found that a nominal
global imperfection of L/80000 and a nominal local imperfection of tf/600 are the smallest
values sufficient to ensure buckling is observed in the strut for most lengths. However, it
may be necessary to increase these imperfections by a small amount to simulate buckling
in the shorter struts.
The effect of a significant, as opposed to a nominal, global geometric imperfection on the
strut is also considered, and incorporated into the parametric study. The initial out-of-
straightness amplitude qs0 (and by implication qt0) in Equations (7.5)–(7.11) is increased
parametrically in Auto-07p to the non-dimensional values 1/1500 and 1/500, representing
the experimental and manufacturing tolerances given by previous experimental and design
guidelines, respectively (EN1993-1-1, BSI, 2005; EN10210, BSI, 2006). The parametric
study is then repeated for the more imperfect struts to observe the effects of each initial
imperfection.
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8.1.2 Varying the cross-section height
The analytical expressions derived in Equations (7.5)–(7.11) are also used to conduct the
parametric study of varying the cross-section height of a perfect strut. However, the para-
metric study of the cross-section height differs from the length in that the change in height
modifies both the local and global buckling loads of the strut. Crucially, this modifica-
tion changes the previously defined relationship between the out-of-plane displacement of
the flanges and the web, namely the parameter κ. Therefore, it is necessary for κ to be
re-calibrated for each cross-sectional height investigated, in the same way as previously
presented in Chapter 5 by using FE methods. The FE models are constructed and anal-
ysed in Abaqus using linear eigenvalue analysis to find the global and local buckling loads
for each strut. The analytical model presented in Equations (5.39)–(5.44) describing the
post-buckling behaviour of a strut buckling in the local mode only was used to calibrate
the parameter κ for each cross-section geometry until the local buckling load corresponded
to that found using the FE model. Therefore, when conducting the parametric study, the
appropriate κ value can then be used for each corresponding cross-section height h.
In a similar way to the strut length, and using the corresponding κ value for each cross-
section, the cross-section height is varied to investigate the post-buckling behaviour of the
strut for each geometry, and to find any transition points where the post-buckling response
of the strut changes distinctly. A largely similar trend is expected while varying the cross-
section heights as for the lengths; the cross-section height where global and local buckling
loads are coincident is defined as hc. Similarly, ho denotes the boundary beyond which
global buckling only is observed and hl marks the boundary beyond which local buckling
only is observed, in the elastic range. It is anticipated that interactive buckling will occur
in the range where ho < h < hl.
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8.1.3 Strain and deflection based criteria for failure
The lengths Lo and Ll and cross-section heights ho and hl are defined as when unaccept-
ably high deformations develop in the strut before interaction is observed. In the previous
chapters of the thesis, it has been assumed that the strut remains elastic throughout post-
buckling, thus a deflection based criteria is used to define the point where the excessive
deflections render the strut in violation with serviceability requirements. For the bound-
aries defining Lo and ho, when global buckling is critical, this study is based on a fairly
arbitrary value of qDs L as a large limiting global lateral deflection; i.e. when qs > q
D
s , where
qDs is defined as 1/100, and the local buckling mode is yet to be activated, the strut can be
considered to be buckling in a purely global mode. Similarly, when local buckling is critical
and the path is weakly stable, the limit for serviceability is considered to be reached when
the out-of-plane deflection of the cross-section at mid-span exceeds 3tf , for an elastic strut.
However, for defining the transition length Ll and cross-section height hl, it is more useful
in practical design to have a level of understanding for when actual plasticity is reached in
the component. This is especially important when local buckling is critical since it is well
known that failure mechanisms are governed by plasticity in stocky columns and by elastic
buckling in more slender columns. Plasticity is much more likely to affect the load carrying
capacity of the strut for cases where local buckling is critical since the strains within the
locally buckled flange or web plates are likely to exceed the material yield stress at some
stage. This can be observed in Fig. 8.1, which shows idealized compression strength curves
for uniform members under compression. For large global and local slenderness, the failure
stress of the struts are dominated by elastic buckling, whereas for stocky struts, the failure
stress is governed by the yield stress σy, a material property dependent on the grade of
steel used to fabricate the section.
Considering a simple Euler strut, the global strut slenderness λo is defined by the expres-
CHAPTER 8. PARAMETRIC STUDIES 195
σy
λo1 λo
σ
C
o
σy
λl1 λl
σ
C
l
(a) (b)
σf σf
Figure 8.1: Sketches of compression strength curves for perfect columns with the failure
stress σf versus (a) the global slenderness λo and (b) the local slenderness λl of the columns.
The parameter σy is the yield stress of the material with λo1 and λl1 denoting the respective
slenderness where the buckling stress is equal to the yield stress.
sion:
λo =
L
r
, (8.1)
where r =
√
I/A is the radius of gyration, a length scale defining effectively the ratio of
the bending to the axial stiffness of the strut. By defining the average global buckling
stress as the global buckling load PCo divided by the cross-sectional area A thus:
σCo =
PCo
A
=
π2EI
L2A
, (8.2)
the global slenderness can be written:
λo =
√
π2E
σCo
. (8.3)
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The global slenderness can be presented in a normalized form, thus:
λ¯o =
λo
λo1
, (8.4)
where λo1 is the slenderness at which σy = σ
C
o . Rearranging, it can be found that the
normalized global slenderness of a strut can be expressed as the square root of the ratio
between the yield and the global buckling stresses of the strut thus:
λ¯o =
√
σy
σCo
, (8.5)
assuming the load is evenly distributed across the entire cross-section. The local slenderness
can be obtained in exactly the same way, where the local buckling stress σCl is as defined
in Equation (5.45), thus:
λ¯l =
√
σy
σCl
. (8.6)
Additionally, when the global and local failure stresses are non-dimensionalized with re-
spect to the yield stress σy thus:
χo =
σCo
σy
, χl =
σCl
σy
. (8.7)
The parameters χo and χl are essentially reduction factors, indicating that the strut will
have a failure stress that is less than the material yield stress due to the effects of elastic
buckling. The non-dimensionalized definitions can be combined, leading to the following
relationship:
χx =
1
λ¯2x
. (8.8)
Here, subscript x = {o, l} is to indicate global or local buckling respectively. This expres-
sion is known as the Euler hyperbola, and is sketched in Fig. 8.2. It can be seen from
Fig. 8.2 that if λ¯x < 1, the yield stress of the material would dominate and the load car-
rying capacity of the strut would not be able to develop beyond the so called squash load
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Figure 8.2: Compression strength curves for perfect columns with the normalized failure
stress χx versus the normalized slenderness λ¯x of the columns. Subscript ‘x’ is either ‘o’
or ‘l’ to represent global and local buckling curves respectively.
Py = σyA.
A high yield stress of σy = 960N/mm
2 is used in the study to keep elasticity considerations
in focus principally but also to reflect the recently increasing popularity of using high
strength steels in the thin-walled structures industry (Gu¨nther, 2005). For cases where the
parametric study is being conducted using FE methods, plastic deformation of the strut
is considered to occur when any element of the strut mesh in Abaqus exceeds the yield
stress, this criterion can also be used to determine the ultimate load of the strut, when
a material stress limit is considered. Sketches of both parametric variations are shown in
Fig. 8.3.
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Figure 8.3: Sketch of the parametric study for varying (a) the length and (c) the height
where global buckling is critical and for varying (b) the length (d) and the height where
local buckling is critical. The material is assumed to have a yield stress σy = 960N/mm
2
and qDs = 1/100.
8.2 Numerical results
8.2.1 Varying the strut length
Numerical continuations are conducted in Auto-07p and the effect of varying the strut
length L is examined. The material and cross-sectional geometric properties of the strut
are as presented in Table 5.1. The results for both perfect struts and those with an initial
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out-of-straightness are presented currently.
The parametric study reveals that strong axis global–local mode interaction occurs between
the strut lengths Ll < L < Lo, where it is found that Ll = 2646mm and Lo = 4950mm.
The lengths that fall outside of this region are classified as not undergoing an interactive
post-buckling response, using the deflection and strain based criterion discussed in the
previous section. The critical buckling length Lc is found by the analytical model to be
Lc = 3340mm, where P
C
o = P
C
l . This is determined by observing an equilibrium path
for a strut length where the critical and secondary bifurcation points are coincident. The
solution found by the analytical model for the critical length is validated with the FE
model. The FE model finds Lc to be 3430mm where the critical load for the global
and local buckling loads are approximately equal in a linear eigenvalue analysis, thus, a
difference of only 2.6% is observed between the analytical and FE solutions for the critical
length, giving a very good comparison. The results of the parametric study for these given
geometries are presented in Fig. 8.4, which shows the ultimate load carrying capacity of
the strut Pu versus the length L. It can be observed that when global buckling is critical,
i.e. when L > Lc, the load carrying capacity is equal to the global buckling load Pu = P
C
o ,
as the global buckling mode is weakly stable. When local buckling is critical, i.e. L < Lc,
the load carrying capacity is able to reach higher loads than the local buckling load PCl
since the local buckling mode has a strongly stable post-buckling behaviour in the elastic
range. However, the load carrying capacity is not able to reach the global buckling load
PCo due to the strong axis global–local interaction in the region Ll < L < Lc and it is
also limited by the deflection of the compression flange wmax = 3tf for even shorter elastic
struts of L < Ll, as indicated by the solid line. The graph also shows the results for the
parametric study, for the case where a yielding limit is taken into consideration where
σy = 960N/mm
2, and is shown with the dot-dashed line in Fig. 8.4. It is observed that
when the yielding limit is imposed, the load carrying capacity of the strut is decreased and
reaches a plateau at approximately Pu = 325 kN. This is approximately 0.5Py where Py is
the failure load due to pure squash, assuming a yield stress of σy = 960N/mm
2.
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Figure 8.4: Graph showing the ultimate load Pu versus the strut length L. The solid
line represents the perfect elastic case, the dot-dashed line represents the perfect case
including yielding and the dashed lines represent struts with a global out-of-straightness
imperfection, with qs0 = 1/1500 and qs0 = 1/500, labelled accordingly. The vertical dotted
lines indicate the transition lengths for the perfect case strut, separating regions of different
post-buckling responses. The curved dotted line denotes when Pu = P
C
o .
The effects of initial global imperfections on the load carrying capacity are also investigated.
Figure 8.4 shows two dashed lines, indicating the post-buckling behaviour of a strut with an
initial, stress relieved global out-of-straightness of qs0 = 1/1500 and qs0 = 1/500, labelled
accordingly. The imperfection magnitudes represent standard European experimental and
manufacturing tolerances, respectively. As previously observed from the imperfection sen-
sitivity studies presented in Chapter 7, a lower load carrying capacity is found as the
magnitude of the initial imperfection increases, and it can be seen from Fig. 8.4 that this
effect is more pronounced in the region where global–local interaction is observed. This
is similar to the findings in earlier work by van der Neut (1969), where it was found that
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the ‘imperfection sensitive’ regions are those where the global and local buckling loads are
close.
The central graph in Fig. 8.5 shows a transformation of the graph presented in Fig. 8.4 into
a form similar to that presented by van der Neut (1969), where the load carrying capacity
Pu is plotted versus the global buckling load P
C
o for struts varying in length; both axes are
normalized with respect to the local buckling load PCl , which remains constant throughout
since it is basically invariant with length (at least for the lengths considered presently).
Again, the elastic response is shown by the solid line, the response with the dot-dashed
line shows the case where the yield limit is imposed and the dashed lines show the response
in the case where initial global imperfections are present, which are labelled accordingly.
The surrounding graphs show the equilibrium paths of the strut in different regions of the
central graph, with strut lengths labelled. It can be seen that at L = Lc = 3340mm, the
global and local buckling loads are equal, and the critical and secondary bifurcation points
are triggered simultaneously. This results in an extremely unstable, potentially explosive,
post-buckling response and reflects previous work conducted in the field of interactive
buckling, where it has been said that the ‘most optimum’ design, i.e. when the buckling
loads are all very similar, can in fact have highly dangerous consequences. This was later
termed famously as the ‘naive optimum’ (Koiter & Pignataro, 1976).
For the range Lc < L < Lo, the equilibrium paths show a neutrally stable post-buckling
path where global buckling is triggered, followed by an unstable post-buckling path at a
secondary bifurcation point, where local buckling is also triggered and interacts with the
global mode. This behaviour has already been observed in the previous chapters of the
current thesis. For the region Ll < L < Lc, the equilibrium path shows an initially stable
post-buckling path where local buckling is triggered at the critical load. At a secondary
bifurcation point, global buckling is also triggered and the equilibrium path becomes un-
stable upon interaction. Outside of the interactive region, it can be seen that when L > Lo,
the equilibrium path shows a neutrally stable path, where only the global buckling mode
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Figure 8.5: The central graph shows the ultimate load Pu of the strut versus the global
buckling load PCo , both normalized with respect to the local buckling load P
C
l , for a variety
of strut lengths. The solid line represents the perfect elastic case, the dot-dashed line
represents the case including material yield and the dashed lines are for cases where initial
global imperfections exist, labelled accordingly with qs0 = 1/1500 and qs0 = 1/500. The
surrounding graphs correspond to equilibrium paths plotted for different regions of the
central graph, separated by the vertical dotted lines. Critical and secondary bifurcation
points are labelled ‘C’ and ‘S’ respectively.
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is active, and similarly when L < Ll, the equilibrium path is stable, where only the local
buckling mode is active. The effects of the global out-of-straightness imperfections on the
equilibrium paths of the strut can be further observed in Fig. 8.5. It can be seen clearly
that the presence of the imperfection decreases the load carrying capacity of the strut. Note
that the global imperfection appears to have a much larger effect on the post-buckling path
for the cases where global buckling is critical.
Figure 8.6 shows the global mid-span displacement of the strut at the secondary bifurcation
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Figure 8.6: Normalized lateral mid-span displacement of the strut at the secondary bifur-
cation point qSs for both perfect struts (solid line) and struts with initial global geometric
imperfections versus the strut length L. All lengths of strut shown buckle in the global
mode first.
point qSs for different strut lengths where global buckling is critical. It is observed that the
mid-span displacement at the secondary instability reduces as the strut length approaches
Lc. Global and local modes are activated simultaneously at length L = Lc, thus the
global mode does not develop at all before the local mode is also triggered at the same
load. Consequently, the mid-span displacement qSs is zero for a strut of the critical length.
This phenomenon is further illustrated in Fig. 8.7, where the position of the secondary
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Figure 8.7: Equilibrium paths showing the normalized load p = P/PCo versus the non-
dimensional mid-span deflection qs, from two example struts with lengths (a) 4000mm
and (b) 3500mm. Critical bifurcation points are marked C, secondary bifurcations are
marked S and ultimate loads are marked U. Perfect and imperfect strut examples are
shown and labelled accordingly.
bifurcation point can be observed along the equilibrium paths.
Struts with an initial geometric global imperfection have a larger mid-span displacement
at the secondary bifurcation point, compared to the perfect case. This can be attributed
to the global imperfection having an effect on the global buckling mode, decreasing its load
carrying capacity. However, a global initial imperfection would not have a large effect on
the local buckling mode. This phenomenon is evidenced in the equilibrium paths plotted
in Fig. 8.5, where the increase of qs0 has little effect on the equilibrium paths for the case
where local buckling only is present. As a result, the distinct global and local buckling
loads become further apart with an increasing global imperfection, for the case where
global buckling dominates, thus the mid-span displacement is more developed when the
secondary instability is reached, resulting in a higher qSs value. An additional consequence
of the global imperfection is that global buckling effectively remains dominant for shorter
lengths of strut. The increase in the global buckling load for shorter struts is compensated
by the decrease due to the global imperfection, causing global buckling to remain dominant
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for increasingly shorter lengths with a larger initial global imperfection. Figure 8.8 shows
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Figure 8.8: Normalized lateral mid-span displacement of the strut qUs at the ultimate load
in perfect case struts (solid line) and imperfect struts (dashed and dot-dashed lines) versus
the strut length L. All lengths of strut shown buckle in the global mode first.
the normalized global mid-span deflection at the ultimate load qUs versus the strut length.
Note that for the perfect case strut, qSs ≡ q
U
s , as can be seen when comparing Figs. 8.6 and
8.8. It is observed that qUs increases with the presence of an initial global imperfection.
The mid-span deflection qs has a non-zero value pre-buckling, as can be observed from
Fig. 8.7, hence the equilibrium path is translated the along qs-axis, shifting the peak load
simultaneously. Furthermore, it was observed in Chapter 7 that with a sufficiently large
initial imperfection, all equilibrium paths converge to a neutrally stable state. Therefore,
as this phenomenon develops, the ultimate load occurs further along the post-buckling path
for increasing initial imperfections, until the imperfection becomes of sufficient magnitude
such that a distinct peak load can no longer be observed. This effect is more pronounced
for shorter lengths, as can be observed from Fig. 8.7; the large increase in qUs for imperfect
shorter lengths seen in Fig. 8.8 can also be attributed to this phenomenon.
CHAPTER 8. PARAMETRIC STUDIES 206
Figure 8.9 shows the maximum out-of-plane displacement in the flange at the secondary
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Figure 8.9: The out-of-plane mid-span displacement of the strut flange wUmax at the sec-
ondary bifurcation point in the perfect case strut (solid line) and at the ultimate load for
the case of the imperfect struts (dashed and dot-dashed lines) versus the strut length L.
All lengths of strut shown buckle in the local mode first.
instability point (for the interactive cases) and at the material stress limit (for the cases
where local buckling only is found); all struts shown buckle in the local mode first. Since
the local buckling load is basically invariant with strut length for the lengths considered in
this study, this remains constant, however the global buckling load increases as the strut
length decreases and the two loads diverge. Therefore, the local mode and consequently the
out-of-plane displacement undergoes more development before the global buckling mode is
activated and the ultimate load carrying capacity is reached. As the strut length decreases
to less than Ll, the out-of-plane displacement ceases to develop and reaches a plateau at
approximately wUmax = 4.5mm, indicating that the stress limit of the strut material has
been reached. The struts with an initial geometric imperfection reach this plateau with
longer lengths, as the elastic limit is reached soon after the local mode develops. It can be
observed from the graph that, in general, the global imperfection has a smaller effect on the
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magnitude of the out-of-plane displacement than previously found in the case where global
buckling is critical, shown in Fig. 8.8. Note that for the lengths 2000mm to 2600mm where
the elastic limit is reached and the maximum mid-span deflections begin to converge, the
solutions for different imperfections appear to cross over. Owing to the meshing of the strut
as well as the discretization of the solution in Abaqus, the wUmax values are approximated
to reduce computational costs. However, on comparing with the relative magnitudes of the
wUmax values at strut lengths outside of this range, it can be said for the range of lengths
between 2000mm to 2600mm, that wUmax is converges to the same value.
8.2.2 Varying the cross-section height
The geometric and material properties of the strut are as presented in Table 5.1, with
the length fixed at 4000mm. The cross-section height of the strut h is then varied para-
metrically using the continuation functionality in the software Auto-07p and identical
struts are also constructed using the FE model, which are analysed using linear eigenvalue
analysis to find the global and local buckling loads. It was found that for all cross-section
heights, the global buckling load matches well between the analytical and FE models, with
a maximum percentage difference of 1.1% for all heights of cross-section considered. How-
ever, it was found that the local buckling load is overpredicted by the analytical model.
The variation in the height of the web, while keeping a consistent flange geometry, changes
the relative mutual influence of the flange and the web. Therefore, the parameter κ linking
the out-of-plane deflections between the flange and the web needs to be modified for each
cross-sectional geometry, in order to give an accurate local buckling load prediction.
A similar calibration process identical to that followed in Chapter 5 is utilized again here;
the analytical model for the case where local buckling only is present in the strut is used
to modify the κ value such that the local buckling load is well matched with that pre-
dicted by the FE model. The calibrated κc values found that best match the local buckling
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loads predicted by the FE model is shown in Fig. 8.10. Figure 8.10(a) gives the relative
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Figure 8.10: The effect of varying web heights on the calibrated parameter κc where wf =
κcww. Graphs show (left) the magnitude of κc and (right) κc relative to the fully rigidly
rotating flange–web joint, versus the cross-section height. The dotted line indicates the
cross-section height of h = 100mm used in Chapters 5, 6 and 7 of this thesis.
magnitudes of the flange and web displacements. It can be observed that for a smaller
cross-section height, the parameter κc is reducing. In this region, the web is stocky and
as the flange deflects, the web is unable to deflect fully in sympathy. Therefore, as the
cross-section height is decreased, the effect of the flange on the web is also decreased. For
a cross-section height of approximately 100mm to 110mm, the parameter κc reaches a
peak. This is where the flange and the web begin to have similar critical buckling loads,
therefore having the greatest effect on each other and acting as a whole section, rather than
individual plated components. When the cross-section height increases beyond 110mm,
the parameter κc decreases rapidly. Here, the flange and web begin to act individually
as plated components again and have a reduced influence on each other. The geometry
of the increasing web height also dictates that an increasingly smaller out-of-plane deflec-
tion would be observed at the mid-point of the web for an unchanged flange geometry,
assuming a rigidly rotating flange–web connection, resulting in a decreased κ parameter.
Figure 8.10(b) gives an indication of the rigidity of the flange–web connection, relative to
the fully rigidly rotating case of κ0 = −h/(πb). For a shorter cross-section with a stocky
web, the flange–web joint is closer to being fully rigidly rotating and the stocky web is able
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to influence the deflection of the flange substantially. As the web becomes taller and more
slender, the flange–web joint moves closer to becoming a pinned connection, with the web
being unable to influence the deflection of the flange.
Figure 8.11 shows a graph of the ultimate load capacity of the strut versus the height of the
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Figure 8.11: The ultimate load Pu versus the cross-section height h. The case where the
strut is assumed to remain elastic is shown by the solid line and the case where the strut
material has a yield strength σy = 960N/mm
2 is shown by the dashed line. Dotted lines
labelled ho, hc and hl denote the transition points between the regions of pure local, pure
global and interactive buckling.
cross-section, where the solid line indicates a perfect, elastic strut, and the dashed line rep-
resents a perfect strut where a yield stress of σy = 960N/mm
2 is taken into consideration.
Note that the κc parameters found previously for each cross-section have been implemented
here. The parametric study reveals that strong axis global–local mode interaction occurs
between the cross-section heights of ho < h < hl, where it is found that ho = 84mm and
hl = 145mm, approximately. The struts with cross-sections that fall outside of this region
are classed as not undergoing an interactive post-buckling response, with struts of a height
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h < ho experiencing global buckling only and struts of a height h > hl experiencing local
buckling only. The same deflection and strain based criteria are used as in the parametric
study for strut lengths, analysed previously. The critical cross-section height is found to
be hc = 116mm, by both the analytical and the FE models, where the global and local
buckling loads are coincident. When ho < h < hc, the strut buckles critically in the global
mode, followed by interaction with the local mode at the secondary bifurcation point.
Moreover, when hc < h < hl, the strut buckles in the local mode first, with global mode
interaction being triggered at the secondary bifurcation point.
When global buckling is critical, the ultimate load is equal to the global buckling load,
as the global buckling mode is neutrally stable. However, when local buckling becomes
critical, the ultimate load fails to reach the global buckling load. The stable local buckling
mode is triggered before the global buckling load is reached, and the ultimate load cannot
increase to the global buckling load since it is limited by the interaction of the local mode
with the global mode, for the elastic strut. For the case where the yield stress is considered,
the ultimate load reaches a plateau at approximately 300 kN, where the material limits the
load carrying capacity. At the first cross-section height where the material is limiting the
load carrying capacity of the strut, this value is approximately 35% of the failure load due
to pure squashing Py. However as the cross-section height increases, the material limit is
reached for a lower proportion of Py since the cross-sectional area A increases with the
increasing cross-section height.
The central graph in Fig. 8.12 shows a transformed version of the graph shown in Fig. 8.11
to a similar form to that presented by van der Neut (1969). The surrounding graphs
show the equilibrium paths of the strut in different regions of the central graph with
different cross-sectional heights, labelled accordingly. The equilibrium path at hc can be
seen to have coincident global and local buckling loads, since the critical and secondary
bifurcation points are activated simultaneously. The strut buckles in the local mode first
for taller cross-sections, and in the global mode first for shorter cross-sections. The defined
CHAPTER 8. PARAMETRIC STUDIES 211
0 0.5 1 1.5 2 2.5
0
0.5
1
1.5
P Co /P
C
l
P
u
/
P
C l
0 0.005 0.01
0
0.2
0.4
0.6
0.8
1
h = 80mm
qs
p
0 0.005 0.01
0
0.2
0.4
0.6
0.8
1
h = 100mm
qs
p
0 0.005 0.01
0
0.2
0.4
0.6
0.8
1
h = 115mm
qs
p
0 1 2
0
0.2
0.4
0.6
0.8
1
h = 118mm
wmax/tf
p
0 1 2
0
0.2
0.4
0.6
0.8
1
h = 140mm
wmax/tf
p
0 1 2
0
0.2
0.4
0.6
0.8
1
h = 160mm
wmax/tf
p
h increasing
PCo
hlhshcho
yielding
C
S
C
C
S
SC
C
C/S
Figure 8.12: The central graph shows the ultimate load Pu versus the global buckling load
PCo , both normalized with respect to the local buckling load P
C
l . The solid and dashed
lines represent the elastic and inelastic strut cases respectively, and the dotted lines denote
the regions as explained in Fig. 8.11. The surrounding graphs show equilibrium paths of
the strut corresponding to different regions in the central graph.
regions and the trends of the respective equilibrium paths are similar to those found for
the parametric study for the strut lengths.
An additional region, defined by hs is identified in the variation of cross-section heights.
Figure 8.12 shows that for hc < h < hs, the post-buckling path is stable and buckles initially
in the local mode, becoming strongly unstable when interaction with the global buckling
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mode is triggered at the secondary bifurcation point. However, for the range hs < h < hl,
interaction with the global buckling load is also observed but the post-buckling behaviour
following the secondary bifurcation point is approximately neutral. This corresponds with
van der Neut’s findings (1969), where a region of neutral post-buckling behaviour is found
for certain geometries in both cases where global or local buckling is critical. Note that
there is no technical reason why a similar region could not be identified in the variation of
the strut length. However, the exact location is difficult to identify, possibly owing to an
intrinsically less distinct transition point, or the application of initial imperfections in the
FE model that were perhaps too large for the effect to be observed.
Figure 8.13 shows the mid-span lateral deflection of the strut at the ultimate load versus
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Figure 8.13: The normalized lateral mid-span displacement of the strut qUs at the ultimate
load versus the cross-section height h. All cross-section heights shown buckle in the global
mode first.
the cross-section height, for the cases where global buckling is critical. It is observed that
the lateral deflection at the ultimate load decreases as the cross-section height approaches
the critical height hc. When global buckling is critical, an increase in the height of the
cross-section increases the global buckling load, but simultaneously decreases the local
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buckling load, thus moving the two separate buckling loads closer together. Therefore, the
lateral mid-span deflection is less developed before the secondary bifurcation point and the
ultimate load is reached. When PCo = P
C
l , the lateral deflection at mid-span is zero at the
ultimate load, as would be expected.
Figure 8.14 shows the out-of-plane displacement of the flange at the strut mid-span versus
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Figure 8.14: The out-of-plane mid-span displacement of the strut flange wUmax at the ulti-
mate load versus the cross-section height h. All cross-section heights shown buckle in the
local mode first.
the cross-section height, for the case where local buckling is critical. As the cross-section
height is increased, the global buckling load also increases while simultaneously the lo-
cal buckling load decreases. In the case where local buckling is critical, the out-of-plane
deflection of the flange at mid-span is more developed for larger cross-section heights be-
fore global buckling is also triggered and the ultimate load is reached. However, the yield
stress of the strut material limits the development of the out-of-plane flange deflection
and it reaches a plateau of approximately 4.8mm(≈ 2tf ) after the cross-section height is
increased beyond hl.
Similar trends are exhibited by both parametric studies and it is observed that the charac-
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teristics of the post-buckling response is dominated by the relative global and local buckling
loads, as well as the material yield limit. Therefore, it can be concluded that the sensitiv-
ity of the strut to global imperfections for the parametric study of heights would exhibit
similar behaviour to that found for the parametric study of lengths, and therefore has not
been analysed in detail presently. It is expected that the strut would be most sensitive to
initial global imperfections in the interactive region, and particularly at the critical cross-
section height hc. Additionally, the inclusion of a global imperfection would be anticipated
to decrease the global buckling load, but have a lesser effect on the local buckling load,
therefore increasing the range of heights in which global buckling occurs first.
8.3 Interactive buckling zones
The lengths and heights found in the previous sections, where the perfect strut transitions
between different post-buckling regions, are summarized in Table 8.1, along with their
respective global and local slenderness. The normalized slendernesses are calculated from
Ll Lc Lo hl hc ho
L [mm] 2646 3340 4950 h [mm] 84 116 145
λ¯o 1.3047 1.6469 2.4408 λ¯o 2.4408 1.6469 1.4166
λ¯l 1.6915 1.6915 1.6915 λ¯l 1.6276 1.7826 2.0396
Table 8.1: Summary of the transition lengths and heights that mark the regions of different
post-buckling behaviours in the strut. The normalized global slenderness λ¯o and local
slenderness λ¯l are also presented.
Equations (8.5)–(8.6). The global buckling stress σCo is calculated from the analytical
expression for PCo presented in Equation (5.33) and averaged over the cross-section, and the
local buckling stress σCl is taken from the results of the linear eigenvalue analyses conducted
in Abaqus. Note that for the parametric study where L is varied, the global slenderness
changes but the local slenderness remains constant. However, when the cross-section height
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h is varied, both global and local slenderness change. The normalized slendernesses given
in Table 8.1 are plotted onto the idealized strength curve that was originally presented in
Fig. 8.2. Figure 8.15 shows the global and local slenderness from the parametric study
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Figure 8.15: The idealized compression strength curves with circles representing the global
slenderness λ¯o and the diamond representing the local slenderness λ¯l for the parametric
study of strut lengths. The strut length for each point is labelled accordingly. Note that
there is only one λ¯l point as local slenderness is invariant with length. The arrows indicate
the slenderness marking the boundary where elastic buckling or yielding govern the failure.
of strut lengths and in Fig. 8.16 from the parametric study of cross-section heights. It
can be observed that for the critical length Lc and height hc where interactive behaviour is
most severe, the global and local slendernesses are extremely close with an almost identical
buckling stress, as found earlier.
It can be seen from the graphs that for all struts, elastic buckling appears to dominate
post-buckling behaviour. However, since a strain based criteria is used to determine the
transition length Ll and height hl, it can be seen that yielding actually occurs for a larger
slenderness than that determined by the idealized compression strength curves. The ide-
alized compression strength curves are plotted based on the assumption that the load is
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Figure 8.16: The idealized compression strength curves with circles representing the global
slenderness λ¯o and diamonds representing the local slenderness λ¯l for the parametric study
of cross-section heights. The cross-section height for each point is labelled accordingly. The
arrows indicate the slenderness marking the boundary where elastic buckling or yielding
govern the failure.
evenly distributed throughout the cross-section and develops at the same rate through-
out the strut. However in reality, as soon as components of the strut exhibit buckling
deformations, the load becomes unevenly distributed causing certain areas of the strut to
experience much higher stresses. Therefore, specific areas of the strut would reach the yield
stress and limit the load carrying capacity. For both parametric studies, it is the global
slenderness which determines the lower limit where yielding dominates the post-buckling
behaviour. Note that throughout the parametric studies, a high material yield stress has
been considered. However if a more standard grade of steel is considered with a much lower
yield stress (for example σy = 460N/mm
2), material yield would occur for a much higher
slenderness than has been observed for the current geometries. Moreover, if a material with
a sufficiently low yield stress is considered, the material yield limit could be reached during
post-buckling before any interactive behaviour is observed. This is commonly observed in
compact hot-rolled steel components where local buckling does not usually occur within
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the elastic range (Trahair et al., 2007).
8.4 Concluding remarks
A set of parametric studies were conducted on an example strut to study the effects of
changing the length and cross-section height of the I-section strut. The analytical models
developed in Chapters 6 and 7 are used to conduct the parametric study for the struts
where global buckling is critical. The FE model developed in the software Abaqus, also
presented in Chapters 6 and 7, is used to conduct the parametric study for struts where local
buckling is critical. A deflection based criterion is primarily used to define the interactive
buckling region, but an additional strain based criterion is also introduced, particularly
where local buckling is critical, since the load carrying capacities for these geometries are
much more likely to be affected by the effects of excessive strains and hence material
failure. The parametric study reveals the strut geometries that define the different regions
of post-buckling behaviour.
Varying the length of the strut has a significant effect on the global buckling load, but a
negligible effect on its local buckling load. However, in varying the cross-section height
of the strut, both the global and local buckling loads of the strut vary. Thus, owing to
the changing buckling loads of the distinct modes, the strut is found to exhibit one of five
different post-buckling behaviours that are summarized.
• In the parametric study of the strut lengths, a stable post-buckling path is found for
L < Ll, when the strut buckles in the local mode only. A similar behaviour and post-
buckling response is found for when h > hl in the parametric study of cross-section
heights. This is ultimately limited by yielding of the plates where the stresses are
highest.
• For Ll < L < Lc, a stable post-buckling path is initially found where only the local
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mode is triggered, this is followed by an unstable path at a secondary instability,
where the global buckling mode interacts with the local buckling mode. Failure
would occur in the elastic range. In the parametric study of cross-section heights,
struts within the range hc < h < hl behave in a similar way, however, this region
can be further sub-divided into two by the height hs. In the range hc < h < hs, un-
stable post-buckling behaviour is observed following the secondary bifurcation point,
whereas in the range hs < h < hl, this region of the post-buckling path is ap-
proximately neutral. There is no technical reason why a similar point could not be
identified in the parametric study of strut lengths, however, the exact location has
not been found due to a less distinct change in post-buckling behaviour.
• For L ≈ Lc, a highly unstable post-buckling path is found, Lc is the critical length
where the global and local buckling loads are equal, which are therefore triggered
simultaneously in the post-buckling response. In the parametric study of the cross-
section height, this point is also found at hc, where the global and local buckling
loads are coincident. Failure is likely to occur within the elastic range and a highly
unstable, possibly explosive, post-buckling response would be expected.
• For Lc < L < Lo, a neutrally stable post-buckling path is found where only the
global mode is triggered, followed by an unstable path at a secondary instability,
where the local buckling mode interacts with the global buckling mode. The range
ho < h < hc in the parametric study of cross-section heights also follows the same
behaviour. Ultimately, the failure would be dominated by the elastic response.
• For L > Lo, a neutrally stable post-buckling path is found, when the strut buckles in
the global mode only. A similar behaviour is observed when h < ho in the parametric
study of cross-section heights. This would ultimately be limited by either yielding of
the extreme fibres or by serviceability criteria.
The global and local slenderness of the struts at the transition lengths and cross-section
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heights are also analysed. It is found that for both studies, the global and local slenderness
of the strut at Lc and hc are very similar, with almost identical buckling stresses. It is also
observed that the elastic limit of the material is reached before the geometries suggested
by design guidelines, which assumes that the axial load is evenly distributed over the cross-
section. In reality, the load becomes unevenly distributed as soon as deflections develop,
causing more vulnerable parts of the cross-section to be subjected to higher stresses and the
elastic limit of the material to be reached in more slender struts. In both studies, it is the
global slenderness which determines the limit where yielding dominates the post-buckling
behaviour.
It can be concluded that the cases where L ≈ Lc and h ≈ hc should be avoided in design
due to the highly unstable and potentially explosive nature of the post-buckling path.
The effects of the presence of an initial geometric out-of-straightness in the strut was also
analysed in the parametric study of the strut length, and it was found that this range is
highly sensitive to initial imperfections. This further emphasizes the dangers of designing
components such that global and local buckling loads lie close together. The effect of the
initial global imperfection would be anticipated to have an identical qualitative effect on
the parametric study of cross-section heights.
The current study and methodology can be extended to investigate the effects of changing
other geometries affecting the local slenderness of the strut (for example, the plate thick-
ness), as well as the effects of initial geometric local imperfections, but these have been left
for the future.
Chapter 9
Conclusions
The current thesis has presented a series of analytical models, describing the post-buckling
behaviour of a thin-walled I-section strut under pure compression, with rigidly rotating
flange–web joints, by employing a variational approach. Using the Rayleigh–Ritz method
combined with displacement functions, ordinary differential equations (ODEs), subject to
integral and boundary conditions are derived to describe the post-buckling behaviour of
the strut, for a number of different cases. The model primarily focuses on Euler, or global,
buckling in both the weak and the strong axes, and the nonlinear interaction with local
plate buckling in the individual cross-section components. The flange–web connection is
assumed to be fully rigid, thus when the local buckling mode is triggered in the more
vulnerable flange, the web also experiences local buckling in sympathy. The work has
highlighted some dangerous instabilities that can occur with nonlinear interactive buckling;
the interactive regions and their sensitivity to imperfection can have a significant impact
on design and need to be considered carefully when utilized in structural applications.
First, the case where weak axis global buckling interacts with local buckling in a perfect I-
section strut is investigated, building on previous work by incorporating the local buckling
of the web. Unstable post-buckling behaviour was found where weak axis global buckling
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is critical, and interacts with local plate buckling after a secondary bifurcation point.
Any cellular buckling that was previously observed in similar struts is eroded by the rigid
nature of the flange–web connection. Local mode shapes are captured and show spreading,
modulated patterns in both the more compressed portion of both flanges as well as in the
web, which buckles in sympathy with the flange.
The analytical model presented is validated with a finite element (FE) model constructed in
the commercial software package Abaqus. A linear eigenvalue analysis is used to find the
individual buckling modes, which are then input as initial imperfections into a nonlinear
model solved using Riks analysis. Excellent comparisons are observed, particularly in the
neighbourhood of the secondary bifurcation point. The analytical model gives a slightly
stiffer post-buckling path than the FE model, which can be attributed partially to the FE
model being unable to capture the phenomenon of changing wavelengths successfully in the
out-of-plane displacement profile, previously observed in experimental studies (Becque &
Rasmussen, 2009a). Additionally, the assumption that the less compressed portion of the
flange does not deflect may also over-constrain the analytical model, although the assump-
tion is reasonable when comparing the relative magnitudes of deflections with elsewhere in
the cross-section.
The general form of the analytical model is then derived to investigate the case of strong
axis global–local buckling mode interaction, made possible using the current method by the
inclusion of the web. The analytical model is then modified to calculate the buckling loads
for both strong axis global and local buckling modes. Both buckling loads are compared
to the results found from identical FE models. It is found that the global buckling load
matches extremely well, however, the local buckling load shows a significant over-prediction
by the analytical model. The analytical model is therefore calibrated using factor κc to
give a better prediction of the local buckling load, when compared to the FE model. With
both buckling loads now being accurately predicted individually, the analytical model can
thus be modified to predict the interactive behaviours between these two modes.
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An analytical model is therefore formulated to describe a perfect strut, where strong axis
global–local buckling interaction occurs and strong axis global buckling is the critical mode.
Again, an unstable post-buckling path is found after a secondary bifurcation point, where
interaction is triggered, and local out-of-plane buckling patterns are found to be of a modu-
lated sinusoidal shape. The results are also validated using an FE model, showing excellent
comparisons, particularly in the neighbourhood of the secondary bifurcation point. The
case where the local buckling load is uncalibrated is also revisited briefly for compari-
son; it is found the the calibrated analytical model does indeed give a markedly improved
correlation when compared to the FE results.
Further investigations are then carried out to determine the sensitivity of the strut to
initial imperfections, specifically, global out-of-straightness and local out-of-plane flange
and web imperfections. It is found that the strut is sensitive to all types of imperfection,
with the load capacity decreasing with an increasing imperfection magnitude. For the local
imperfection, a reduced load capacity was observed for localized imperfection shapes, as
opposed to periodic shapes, and finally a combined global and local imperfection causes a
further decrease in load capacity than if either imperfection were to exist in isolation, as
would be expected. The imperfection sensitivity is also validated using the FE model, with
excellent comparisons observed throughout and almost identical out-of-plane deflection
shapes in the neighbourhood of the ultimate load.
Finally, parametric studies are conducted on the strut, revealing the effect of changing
the global and local slenderness by independently modifying the length and cross-section
height of the strut, respectively. For the parametric study of strut lengths, interactive
buckling was identified in the range Ll < L < Lo. Similarly for the parametric study
of the cross-section heights, the interactive range is identified as ho < h < hl. In these
ranges, care must be taken when considering structural components for design, since the
interaction may cause a violent instability and lower than predicted failure loads. For other
lengths, L > Lo and L < Ll, pure global or local buckling modes respectively are exhibited,
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with pure global modes being neutrally stable and pure local modes being stable in the
elastic range. For the range where local buckling is critical, a strain based criterion is also
introduced to investigate the effect of imposing a material yield limit onto the strut, giving
more practical insight into the post-buckling behaviour. Struts with an imposed material
yield limit reach a lower ultimate load than purely elastic struts. A similar trend in
behaviour is identified for different cross-section heights, with heights of h < ho exhibiting
pure global buckling and h > hl exhibiting pure local buckling.
Dangerous interactive behaviour is particularly evident at L = Lc, which is the critical
length where the global and local buckling loads are equal. Here, explosive failure can
occur, particularly when taking into account initial imperfections. Similar behaviour is
also observed at h = hc. The dangerous ranges have been identified and great caution
needs to be exercised when considering similar components in design.
9.1 Further work
The analytical methods presented in the current thesis can be extended to explore interac-
tive buckling phenomena further. Currently under development, different cross-sectional
shapes are being investigated, specifically a rectangular hollow section. The method can
also be applied to any number of other structural components, varying in loading condi-
tions and cross-sections. Additionally, this analytical approach can be utilized to gain a
fundamental understanding of different modes of post-buckling behaviour. For example,
a lipped I-section can be modelled using a similar approach to investigate the interaction
between global, local and distortional buckling modes. Previously, there has been little
analytical work conducted to investigate the effects of distortional buckling. With the
popularity of using lipped and asymmetric sections in design, a fundamental understand-
ing of post-buckling behaviours that include interaction with distortional buckling modes
would be an extremely useful contribution to the field.
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The current thesis can be extended by increasing the scope of the parametric study investi-
gation. The effect of changing local slenderness by altering other parameters, for example,
the plate thickness or the width of the flange can be investigated. Additionally, the scope
of initial geometric imperfections studied could also be increased, for example, to consider
the impact of local imperfections or larger magnitudes of imperfection. These extensions to
the parametric study presented in Chapter 8 would be useful when considering the design
of such components.
The general form of the analytical model was presented in Chapter 5 and can be theoreti-
cally used to formulate the full analytical model, to allow for the local buckling mode to be
critical. However, in practice, the governing equations are complex and difficult to solve;
moreover, the analytical model currently used has been shown to give good comparisons
with FE methods. Therefore, the full analytical model was not wholly considered in the
current thesis, but could be developed in future. Their successful solution would mean
that the parametric study presented in Chapter 8 could be conducted purely using ana-
lytical methods, avoiding the need to introduce nominal initial imperfections into the FE
model for the perfect strut. The development of the full analytical model would also allow
the out-of-plane displacement of the less compressed flange to be taken into consideration,
even for the case where global buckling is critical. It was identified in Chapter 6 that this
could possibly be a source of the stiffer post-buckling response found by the analytical
model when compared to the FE model, and it is postulated that the inclusion of the less
compressed flange may lead to improved comparisons.
Finally, it was identified in Chapter 4, and throughout the thesis, that the FE method
used to validate the analytical models are generally poor at identifying the phenomenon
of changing wavelength in the local out-of-plane displacement profile, through the post-
buckling process. This is a phenomenon that has been observed in experimental studies and
Abaqus has previously demonstrated difficulties in modelling this using a static approach.
However, using the Abaqus Explicit option, generally reserved for dynamic problems,
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it may be able to capture the phenomenon of the changing wavelength more effectively.
The Abaqus Explicit method solves the equations of motion rather than using a static
equilibrium approach, therefore, potentially giving better comparisons to the analytical
model. However, there are issues of convergence that would need to be overcome (Bai,
2014; Farsi, 2014).
In the current thesis, the interactive post-buckling behaviour of an I-section strut has been
successfully investigated using a combination of analytical and FE methods. An analytical
approach presents a novel contribution to the field and has added to the understanding of
complex interactive buckling phenomena in popular structural components. Developments
have also been made towards the understanding of structural imperfection sensitivity, with
some preliminary suggestions of how this research can be implemented in engineering de-
sign.
Appendix A
Definite integral expressions : weak
axis global–local buckling
The full expressions of {f ′′2}x, {f
2}x, {f
′′f}x, {f
′2}x, {f
4}x, {xf
2}x, {f
′2f 2}x and {f
′f}x
defined in Chapter 3 were obtained in Maple (2005), thus:
{f ′′2}x =
1
4b3
(
π4 + 64π − 256
)
, (A.1)
{f 2}x =
b
140π4
(
143π4 − 560π2 + 2240π − 13440
)
, (A.2)
{f ′′f}x = −
1
60bπ2
(
136π2 − 5760 + 15π4 + 960π
)
, (A.3)
{f ′2}x =
1
60bπ2
(
256π2 − 5760 + 15π4 + 960π
)
, (A.4)
{f 4}x =
b
2162160π10
(
9802077π10 − 1095177283200π4 − 208047840π8
+1606870263398400− 14764509760π6 − 50214695731200π2 − 4383822643200π3
+51251200π7 − 267811710566400π − 39852933120π5
)
, (A.5)
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{xf 2}x = −
b2
1120π5
(
389π5 − 161280π − 6440π3 + 17920π2 + 430080
)
, (A.6)
{f ′2f 2}x =
1
166320bπ8
(
74547π10 − 9370468800π4 − 151449760π6 − 226800π8
−393419980800π2 + 12875563008000 + 1281280π7 − 2145927168000π
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)
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{f ′f}x = −
1
2
. (A.8)
The full expressions of {g′′2}y, {g
2}y, {g
′′g}y, {g
′2}y, {g
4}y and {g
′2g2}y are also derived
thus:
{g′′2}y =
π4
2h3
, (A.9)
{g2}y =
h
2
, (A.10)
{g′′g}y = −
π2
2h
, (A.11)
{g′2}y =
π2
2h
, (A.12)
{g4}y =
3h
8
, (A.13)
{g′2g2}y =
π2
8h
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Appendix B
Definite integral expressions : strong
axis global–local buckling
The full expressions of {f ′′2i }x, {f
2
i }x, {f
′′
i fi}x, {f
′2
i }x, {f
4
i }x and {f
′2
i f
2
i }x, where i = [1, 2],
defined in Chapter 5 were obtained in Maple (2005), thus:
{f ′′21 }x = {f
′′2
2 }x = 0, (B.1)
{f ′′1 f1}x = {f
′′
2 f2}x = 0, (B.2)
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b
, (B.3)
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4
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b, (B.5)
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2
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′2
2 f
2
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4
3b
. (B.6)
The full expressions for the integrals of the functions g1(y), g2(y) and their products are
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as follows:
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